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ABSTRACT
An equation giving the internal energy of clusters of
particles in a jet is developed, and a method of solving the
equation for numerical values of internal energy for each
cluster size is outlined. The particles are water molecules.
The parameters in the energy equation are the relative popula-
tions of the clusters by size, the temperatures of the clus-
ters by size, the mean velocities of the clusters by size, and
the reservoir temperature. The basic measurements on the
clusters that are necessary for determining the parameters are
measurements of mass and velocity of the clusters by size.
The temperatures of the clusters are expressed in terms of the
variance about the mean of the axial velocities of clusters of
a common size. The partial pressures of the clusters by size
are expressed conventionally with respect to the center of
mass of the entire system of clusters of all sizes. The rela-
tion between the temperature and partial pressure is not the
gas law, and is given in the development. Two main difficul-
ties in the way of obtaining practical solutions are discussed
and a way of obtaining approximate solutions for a limited
number of cluster sizes is given.
Thesis Supervisor: Harold Y. Wachman, Professor of
Aeronautics and Astronautics
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CHAPTER 1
INTRODUCTION
1.1 Purpose of the Thesis:
The purpose of this thesis is to present a method for
calculating the internal energies of clusters of molecules in
a jet. Experimental measurements are required for the calcu-
lation. The experimental measurements that are required are
the populations of the clusters according to size, and the
cluster axial velocities also according to size. The meas-
urements provide experimental data on relative cluster popu-
lations and axial velocity distributions that are used in the
calculation. The method is mainly for water molecules.
1.2 Outline of the Method:
The method begins with the development of an energy equa-
tion in which all quantities can be determined, by way of ex-
perimental data, except the internal energies of the clusters.
The energy equation is then solved in general for the internal
energies of the clusters. The internal energies appear in the
form of a sum in which the internal energy of each size of
cluster is weighted by (multiplied by) the relative population
of clusters of that size. The method next obtains a system of
independent equations, one for each unknown internal energy,
by performing independent experiments, one for each equation,
and inserting the experimental data into the general energy
CHAPTER 1, SECTIONS 1.2 & 1.3
equation. The final step in the method is to solve the system
of independent equations.
The development of the energy equation is based on the
principle that the work done by the forces involved in moving
a system of particles from an initial configuration to a final
configuration equals the increase in the kinetic energy of the
system1 . The kinetic energy is that due to the entire motion
of the particles, including the translational motion of the CM
(center-of-mass) of the system, and the "internal" motion of
the particles about the system CM. In particular, the kinetic
energy will include that of the motion of the molecules in a
cluster about the CM of the cluster; i.e., the kinetic energy
includes the "internal" kinetic energy of the clusters. The
label "kinetic" is necessary for the case of the clusters be-
cause the clusters will also possess internal potential ener-
gy, which is discussed in Section 2.4. The internal energy of
a cluster is then the sum of the internal kinetic energy and
the internal potential energy of the cluster. The aforemen-
tioned principle follows directly from Newton's Second Law.
1.3 Difficulties and Benefits:
The difficulties in the way of using the method are at
least two-fold. The first difficulty is that the internal en-
ergies of the clusters do not sum up to be more than a small
part of the total energy of the system of clusters being con-
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sidered. Therefore the sum of the internal energies of the
clusters is given by the difference between two nearly equal
numbers: the work done by the forces moving the system, and
the increase in the main kinetic energy of the system. Or
equivalently, the difference is between the reservoir enthalpy
and the sum of the downstream enthalpy and the main kinetic
energy. The term "main" kinetic energy here means all of the
kinetic energy except the internal kinetic energy of the clus-
ters. The difference between two nearly equal numbers is very
sensitive to small changes in either number, such as would oc-
cur, for example, from small uncertainties in experimental
measurements.
The second difficulty is that available experimental data
indicate that the relative populations and velocity distribu-
tions of the clusters, particularly of the smaller clusters
(five molecules or less), do not change very much with chang-
ing reservoir conditions2 . Thus it will be difficult to ob-
tain the independent energy equations that are required for
the method.
On the other hand, the benefit to accrue from the method
is that the only measurements that are required are measure-
ments of cluster relative populations and cluster axial ve-
locities. What is to be measured, in a fundamental sense, is
the size of a cluster and how fast it is going. The relative
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populations of the clusters are found by counting the clus-
ters, according to size, that pass through a mass spectrome-
ter. The measurement of the cluster velocities, recorded also
according to size, permits the determination of the mean ve-
locity and the variance about the mean for a group of clusters
of a common size. The variance about the mean will serve to
define the temperature of the group of clusters. The measure-
ment of the size of a cluster and how fast it is going are
both straight-forward concepts. Thus straight-forward meas-
urements can provide the data for the energy equation. The
energy equation can, in turn, provide the internal energies of
the clusters.
1.4 Negligible Effects:
The effects of body forces, viscous stresses and heat
flux, and external heating have been considered and are re-
garded as negligible for the case at hand.
1.5 Conservative Forces of Interaction:
The molecules are regarded as interacting by way of for-
ces that are conservative. The conservative forces of inter-
action exist between pairs of molecules, so they will be dealt
with pair-wise below. It is the forces of interaction that
bring about the clustering. The forces of interaction are
electrostatic, as is discussed further in Section 2.4.
CHAPTER 1, SECTIONS 1.6 & 1.7
1.6 Possibility of Molecular Spin:
Molecular spin here means the rotation of a molecule
about its own CM. It is true that each water molecule has a
dipole moment 3 ,4 (it is 1.84 debye). It may therefore occur
that the water molecules in a cluster develop a preferred
alignment, which would inhibit any tendency for molecular spin
except about the aligned dipole axis. But the strength of the
dipole electric field diminishes rapidly with (as the cube of)
distance5 . Therefore molecules that are loosely bound to-
gether in a cluster may remain separated well enough so that
they do not develop any preferred alignment. Such molecules
could therefore spin freely about their molecular CM. Molec-
ular spin is discussed further in Section 2.5.7.
1.7 Application of the Gas Law:
At some of the high reservoir pressures used in the work
of Jones 6, work to be used later below, the water molecules in
the reservoir would be near saturation, and so the molecules
would then behave more in accord with the van der Waals law
than the gas law. The gas law, as the term is used here, has
the product of the pressure and volume being equal to the pro-
duct of the number of gas particles, Boltzmann's constant, and
and the temperature. But the assumption that the gas law ap-
plies in the reservoir will be used in the development of the
energy equation because the gas law is far simpler.
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1.8 Temperature of a Group of Clusters:
Downstream where the measurements of axial velocity and
mass are made, the clusters comprise a gaseous mixture. The
gaseous mixture is a mixture of clusters of various sizes.
The clusters may be grouped, in a mathematical sense, accord-
ing to their size so that the properties of the clusters may
be cataloged according to size.
Each group of clusters of a common size has an assignable
temperature for the group. The group temperature is assigned
on the basis of the variance about the mean of the distribu-
tion of velocities of the clusters in the group. In this re-
gard the temperature of a group is a measure of the randomness
of the motion of the clusters in the group, with the random-
ness expressed as the variance about the mean of the cluster
velocities. The random motion of the clusters is then in the
nature of thermal motion. It is in this manner that the con-
cept of temperature has meaning here, even though the gaseous
mixture does not satisfy the requirements of a system in equi-
librium.
The averaging that is used to express the mean and the
variance of the velocity distributions will be averaging over
an ensemble such as is applicable to the statistical mechanics
of the system under consideration7 . This concept of averaging
will be used generally here, although an arithmetic mean is
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used in Section 3.1.
The temperature of a group of clusters has been assigned 8
by fitting a MB (Maxwell-Boltzmann) distribution to the obser-
ved distribution of the cluster times-of-flight between the
reservoir and the instruments downstream. The fact that a MB
distribution fits the time-of-flight data well, and thus by
inference would fit the axial velocity data well, indicates
that the axial velocity distribution of a cluster group is at
or near the equilibrium distribution, which is the MB distri-
bution. The distribution of the radial velocity components
may have a different variance about the mean (which is zero
for the radial velocities), and therefore may have a differ-
ent radial temperature, from the variance and temperature of
the axial components 9 . The axial and radial temperatures will
be assumed to be the same here, however, since the available
data do not indicate otherwise.
1.9 Particle Treatment of the Molecules:
Since the molecules upstream and the clusters downstream
both act like particles in a gas, the development of the en-
ergy equation will be by way of particle dynamics. In partic-
ular, the classic exposition of Goldstein 10 will be followed
closely, with that exposition extended only somewhat so as to
include the molecular motion within the clusters and the mo-
lecular spin (if any) about the individual molecular CM. In
CHAPTER 1, SECTIONS 1.9, 1.10, & 1.11
dealing with molecular spin the molecule is not regarded as a
particle: instead, the atoms making up the molecule are the
particles, and they rotate about the CM of their system (the
molecule).
1.10 Clustering in the Jet:
The clustering of water molecules in a jet is one case of
the very first stage of water molecules coming together to
form liquid water. The jet of water molecules is an example
of a molecular beam11 , or a cluster beam 12 , which in the case
at hand issues from a reservoir, passes through a pipe of very
small diameter, and then expands into a region that is essen-
tially a vacuum. In the course of the expansion the tempera-
ture in the jet falls to a very low (approximately 65 K) val-
ue, and so the speed of sound likewise falls to a low value.
1.11 General Physical Conditions:
The physical conditions of the jet and the associated
apparatus are in the main as follows. The reservoir is a
boiler, and the molecules therein are in the form of steam.
The steam is generally superheated. The pressure in the res-
ervoir is generally near atmospheric pressure in the data
cited below (although the reservoir pressure is one of the
experimental variables, so that both higher and lower pres-
sures have been used). The reservoir temperature generally
20
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ranges from 350 K to 470 K, although higher values have been
used. The water molecules accumulate to form clusters in the
jet. The clusters, in the present case, range in size from
two molecules up to 40 molecules 13, so that the clusters do
not here reach the size of what would be called a water drop.
Thus the coming together of the water molecules to form clus-
ters is, for the case at hand, the earliest part of water con-
densation.
1.12 Cluster Internal Energy and Binding:
The internal energies of the clusters of particles in a
jet are of interest mainly because the internal energies in-
dicate how tightly the clusters are bound together. As dis-
cussed in more detail in Section 2.7, the internal energy of a
cluster is the sum of the internal kinetic energy and the in-
ternal potential energy. The internal kinetic energy will be
at least the ZPE (zero point energy) of the molecules because
the molecules are in a bound state within the cluster. The
internal potential energy is the potential of the molecules
when they are bound, minus their potential when they are not
bound at all; i.e., the potential difference is the potential
energy. The potential of the molecules when they are not
bound at all serves as the reference level. The internal en-
ergy of a cluster is in general negative because at least some
energy must be supplied to the molecules in a cluster in order
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to unbind them: when enough energy is supplied to raise the
energy of the molecules to the reference level they are no
longer bound. The clusters for the case at hand appear to be
loosely bound 14 . However, the clusters were tightly bound
enough to appear as units when their masses were measured in-
side a mass spectrometer.
1.13 System Being Considered:
The jet and the reservoir from which it comes, together
with the associated instruments for measuring velocity and
mass, are sketched in Figure 1.1. Also shown in Figure 1.1 is
the system of particles being considered. The system of par-
ticles is envisioned as being enclosed within the surface of a
stream tube, as shown in the figure. The surface of the
stream tube is formed by the streamlines of the steady flow of
the jet. The movement of the particles is, on the average,
along the streamlines. The particles move from the reservoir
to the instruments downstream for the system being considered.
The stream tube that is chosen here is formed by streamlines
which begin inside the reservoir near the small pipe, and end
at the opening to the instruments downstream. The particles
enter, flow through, and leave a fixed control volume, as
shown in Figure 1.2, whose lateral boundary is the surface of
the aforementioned stream tube. The upstream and downstream
boundaries of the control volume are specified below. The
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system of particles being considered, then, is not the whole
jet, but is instead made up of those particles on and around
the axis of the jet. The stream tube contains the axis of the
jet. The system of particles is considered to be part of a
steady flow.
It is necessary to specify precisely the system of par-
ticles being considered because the laws of mechanics to be
used below deal only with such systems. The specification of
the system must take into account the fact that the system is
a mixture of microscopic clusters of particles, with the clus-
ters varying in size. The clusters of a common size will con-
stitute a group. The number of clusters of the same size will
be called the population of the group for that size. The size
of a cluster is the number of molecules in the cluster. The
relative populations of the groups will appear in the energy
equation below. The numbers of clusters will thus be among
the properties that specify the system being considered. The
specification, to be given conceptually below, of the system
must then consider the system in some microscopic detail.
The system being considered consists of those particles
initially contained within the aforementioned control volume,
designated VOLc in Figure 1.2, plus those particles initially
contained in VOLa immediately upstream of the control volume,
also as shown. The surface of the aforementioned stream tube
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furnishes the lateral boundary of VOL a as well as VOL . The
aforementioned "surface", as well as all surfaces used below,
is an imaginary surface that is used as a conceptual boundary.
The upstream boundary of VOLa is a surface taken normal to the
streamlines in the stream tube as they exit from the reservoir
into the small pipe shown in Figure 1.1. A surface taken nor-
mal to the streamlines in the stream tube will be called a
normal surface below.
The intersection of the upstream boundary of VOLa , a nor-
mal surface, and the axis of the jet is the point "al" in Fig-
ure 1.2. The downstream boundary of VOLa , which is the up-
stream boundary of VOLc , is similarly a surface taken normal
to the streamlines in the stream tube. The intersection of
this surface and the axis of the jet is point "bl" in Figure
1.2. The location of point b1 is discussed further below.
The downstream boundary of VOLc is a surface taken normal to
the streamlines in the stream tube as they enter the opening
to the instruments as shown in Figure 1.1. The intersection
of the downstream boundary of VOLc and the axis of the jet is
point "a " in Figure 1.2.
After some chosen interval of time, the CM of the parti-
clus that were contained in the volume VOLa of the stream tube
between al and b1 will have moved past b1 into the control
volume VOL . That is to say, the mass that was contained be-c
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tween al and b1 will have moved into the control volume. The
chosen interval of time is such that the distance between a1
and b1 is the average velocity of the aforementioned CM over
that distance, multiplied by the chosen interval of time. In
the same interval of time an equal amount of mass will have
left the control volume. The reason is that the flow is stea-
dy, so that mass, which must be conserved, can neither in-
crease nor decrease within the control volume.
There will exist, then, a location "a2 " upstream of a2
such that the mass contained in the stream tube between normal
surfaces through a2 and a2 will be equal to the amount of mass
that is contained in VOL . The mass that was initially be-
tween a2 and a2 will, after the chosen interval of time, have
moved outside the control volume into a volume "VOLb" between
a2 and a point "b2". The CM of the mass that was contained
between a' and a2 will then lie between a2 and b2. The dis-
tance from a2 to b2 will be the average velocity of the afore-
mentioned CM over the distance, multiplied by the chosen in-
terval of time. The lateral boundary of VOLb is again the
surface of the aforementioned stream tube. The upstream
boundary of VOLb is the downstream boundary of VOL c . The
downstream boundary of VOLb is a surface that is normal to
the streamlines in the stream tube as they pass point b2. The
amount of mass contained in VOLb is then the same as the
amount of mass contained in VOL . Then, since it is the mo-a
25
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lecules that carry the mass, the number of molecules contained
in VOLb is the same as the number of molecules in VOL a , re-
gardless of whether or not the molecules have formed clusters.
Thus the number of molecules that enter the control volume in
the chosen interval of time is the same as the number of mo-
lecules that leave the control volume.
The system of particles being considered was initially
contained between locations al and a2 on the axis of the jet.
The system is, after the chosen interval of time, contained
between locations b1 and b2. The system will be said to be in
"configuration a" (following Goldstein in Reference 1) when
the system is in the former location, and when the system is
in the latter location the system will be said to be in "con-
figuration b". As the system moves from configuration a to
configuration b its lateral boundary remains the surface of
the aforementioned stream tube. The upstream and downstream
boundaries of the system are again surfaces normal to the
streamlines in the stream tube. The upstream boundary is such
a normal surface which moves with the velocity of the CM of
the particles that were initially contained in VOL . The
downstream boundary is similarly a normal surface that moves
with the velocity of the CM of the particles that were ini-
tially contained between a~ and a2 in VOLc and which end up in
VOLb•
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The equality of the number of molecules entering the con-
trol volume (which is the number of molecules in VOL a), and
the number of molecules leaving the control volume (which is
the number of molecules in VOLb) holds on the average. There
will be observed random fluctuations in both of the aforemen-
tioned numbers 15 . In consideration of the fluctuations in the
number of molecules in the system, the specification of the
system itself is on an average basis.
1.14 Example of the Method:
For this thesis one numerical energy equation was ob-
tained using the experimental data of Dreyfuss and Wachman 16 ,
and from that equation the internal energy of one size of
cluster, namely a two-molecule cluster, was calculated. (A
two-molecule cluster is called a dimer, and is also called a
van der Waals molecule.) The value of the internal energy
that was found was approximately minus 50 kJ/mol (0.5 eV).
The minus sign indicates that energy must be supplied in order
to raise the internal energy to the level where the cluster
molecules are not bound.
The sign of the internal energy was correct, but the mag-
nitude appears too high. The value should be at most1 7 ,18 in
the range between 20 and 40 kJ/mol, and the value should be in
that range for fairly strong bonding. The experimental data
did not permit a more precise value to be calculated, nor did
27
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the data permit the calculation of the internal energy of more
than one cluster size. (But, then, the experiment that sup-
plied the data was not done with the above calculation in
mind.) Further experiments may yield data that permit more
precise values of the internal energies to be calculated, and
permit the internal energies of different sizes of clusters to
be calculated.
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EQUATION FOR CLUSTER INTERNAL ENERGY
2.1 General Energy Considerations:
It is to be expected that an equation describing the en-
ergy of clustering molecules in a jet will show the conver-
sion of enthalpy in a reservoir into kinetic energy in the
jet. That is primarily what the energy equation developed
below does show. But the development of the energy equation
proceeds with caution and detail. The reason is that the
system of molecules being considered is not in equilibrium,
and so such fundamental concepts as temperature and pressure
must be applied with caution. The system is not in equili-
brium since there are different temperatures for different
sizes of clusters, and also since there are gradients in both
temperature and pressure.
Moreover, the temperature of a group of molecules is or-
dinarily defined, in a kinetic sense, by way of the variance
about the mean of the velocities of the molecules in the
group. But on the other hand the partial pressure of a group
of molecules in a mixture is not defined WRT (with respect to,
or with reference to) the mean velocity of the group, but in-
stead WRT the mean velocity of the mixture 19 . The defini-
tions of cluster temperature and partial pressure are consid-
ered further below during the development of the energy equa-
tion. The development proceeds on the basis of setting the
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work done by the forces moving the system equal to the in-
crease in the kinetic energy of the system.
2.2 Work:
The work done by the forces involved in moving the sys-
tem of particles from configuration a to configuration b is
the work done by the forces external to the system plus the
work done by the forces internal to the system 20 . The forces
internal to the system are the forces between the molecules,
each upon the other. It is the forces between the molecules
that brings about the clustering of the molecules. The work
done by the forces involved in moving a system of particles
produces an increase in the kinetic energy of the particles:
the equality of the work done and the increase in the kinetic
energy will be the basis of the energy equation. The basis
of the aforementioned equality is, in turn, Newton's Second
Law of Motion in which the time rate of increase of momentum
is measured in an inertial frame of reference. The inertial
frame of reference here is considered to be the laboratory
frame. The energy equation then basically devolves from
Newton's Second Law by integrating both the force and the in-
crease in momentum over distance.
The energy equation equates the work Wab, done by the
forces involved in moving the system from configuration a to
configuration b, to the increase in the kinetic energy of the
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system, as mentioned in Section 1.2. As stated above, the
work Wab is the work done by the forces external to the sys-
tem plus the work done by the forces internal to the system.
The increase in the kinetic energy of the system is the ki-
netic energy KEb of the system when it is in configuration b,
minus the kinetic energy KEa of the system when it is in con-
figuration a. The energy equation is thus 21:
Wa SUM dr.*
i a
F . + SUM dr.F.. = KE - KE
i. 1 b ajfi a
where Wab = work done by the forces involved in moving
the system from initial configuration a to
final configuration b.
SUM = summation of the quantity following the sym-
bol over the range of the quantity below the
the symbol, usually represented by r1 .
i,j = integer indices for a general particle of
the system of particles being considered.
-0 = symbol indicated that the quantity beneath
is a (three-dimensional) vector, or that the
quantity has (at least some of) the proper-
ties of a vector (e.g., the gradient opera-
tor). The same quantity without the arrow
over it will indicate the magnitude of the
vector quantity.
(2.2 #1)
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dri = distance through which particle i moves, as
measured WRT the laboratory coordinate frame.
Fei = external force on particle i.
F = internal force on particle i exerted by par-ji
ticle j.
KEb = kinetic energy of the system of particles in
final configuration b.
KEa = kinetic energy of the system of particles in
initial configuration a.
The equation above is the basic energy equation. It will
be necessary to use an averaged energy equation because both
the temperatures and pressures to appear below will be de-
fined in terms of averages. As stated in Section 1.8, the
average that is taken here is an ensemble average such as is
generally employed for taking averages of the statistical
mechanics of systems of particles. The ensemble is a collec-
tion of systems prepared in the same way, with the systems
distributed over the range of the different accessible states
of the system22 . The distribution has one system per acces-
sible state 23 . The averages of quantities of interest (such
as the energy of a system) are then computed, in principle,
over the ensemble at a particular time. The ensemble is usu-
ally (but not always 24 ) an imaginary construct. Taking the
average of the basic energy equation above gives:
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iSUM d 'F I + [SUM dr F..] = [KE ] - [KE] (2.2 #2)i 1 el 31 b a
where [-] = symbol indicating the (ensemble) average of
the quantity (represented by the dot) within
the brackets.
The work Wab on the LHS (left hand side) of equation (2.2 #1)
is given, in an average sense, by the LHS above, so that Wab
need not be included above. The vector notation symbolized
by the arrow -0 can be retained with only minor inconvenience
for the sake of generality until writing the final form of
the energy equation, which contains only axial components.
2.3 Pressure and Temperature:
2.3.1 Work done by the External Forces:
The only effective external force on the system is the
external force that is normal to the surface of the system.
This force is due to the inwardly directed pressure exerted
over the surface of the system, with the surface being con-
ventionally regarded as outwardly directed. The surface of
the system is as described in Section 1.13. In consequence of
the oppositely directed pressure and surface, the normal ex-
ternal force is thereby given a negative sign 25 , with a mag-
nitude given by the product of the pressure and the area
acted upon by the pressure. This convention will be followed
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below. But it is necessary here to consider in detail how
the pressure acts and what the pressure is because the sys-
tem is a mixture with each component having its own (par-
tial) pressure and temperature. Moreover, the mixture is
out of equilibrium.
The work done by any force is given by the product of
the force and the distance over which the force acts. Here
the distance over which the force acts is the same as the
distance through which the surface acted upon is moved; the
product of the surface and the distance is the volume swept
out by the surface. For the case at hand, the surface that
is acted upon is two-fold: it is the normal surface that is
initially the upstream boundary of VOLa , and the normal sur-
face that is initially the downstream boundary of VOLc and
which becomes the downstream boundary of VOLb . The former
surface sweeps out VOLa as it moves, and the latter surface
sweeps out VOLb as it moves. The way in which force "acts"
on a "surface" here is discussed below where the meaning of
pressure for this case is examined. The movement of the
surface that is acted upon is only along the streamlines and
never normal to them. On the other hand, the external force
is normal to the streamlines, and the stream tube that
bounds the system, everywhere except at the two ends of the
system, as shown in Figure 1.2. Thus the work done by the
external forces on the system is the work done at the two
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ends of the system. The work done by the external forces in
equation (2.2 #2) is thus:
b b b
[SUM dr.*F ] = [ SUM dr.* .E] = - bdVOLP
1 a a 1 a
= P VOL - P bVOLb (2.3.1 #1)
where Pa = upstream pressure, defined in more detail be-
low, at location shown in Figure 1.2.
Pb = downstream pressure, defined in more detail
below, at location shown in Figure 1.2.
The second expression above, in which the order of summation
and integration has been reversed, is intended to show the
summation of all of the separate products of force and dis-
tance into the product of a pressure and a volumetric change.
The equation above is not new. The equation is obtained
again here because it is necessary, for the system being con-
sidered (a nonequilibrium mixture), to specify precisely what
the pressures and volumes above mean.
The volume VOL a and the volume VOLb are specified in
Section 1.13. The average CM velocity over the distance from
a1 to b1 in Figure 1.2 was used in specifying VOL a . Similar-
ly, the pressure Pa is an average: Pa is the average exter-
nal pressure over the distance from al to bl. The work done
by the external forces on the system is thus given by P VOLa a
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The meaning of pressure is discussed further below. Here it
is to be noted that the external pressure and the internal
pressure have the same value at any place along the stream
tube because there is no solid surface to sustain a pressure
difference. The work done by the system is thus given by the
product PbVOLb , where Pb is the average pressure, external or
internal, from a2 to b2 in Figure 1.2.
The system of particles being considered has been speci-
fied in Section 1.13 as consisting of those particles initi-
ally contained between al and a2 in Figure 1.2, and finally
contained between b1 and b2 . But it is seen from equation
(2.3.1 #1) that it is actually the particles in VOLa and VOL b
that have appeared in the energy equation. The systems of
particles in VOLa and VOLb are subsystems of the system being
considered.
The particles in VOLc (the fixed control volume) are also
part of the system being considered. The particles in VOL
c
are part of the system when it is in configuration a, and
they are part of the system when it is in configuration b.
Therefore, both the kinetic energy and the potential energy
(which will arise from the work of the internal forces) of
the particles in VOLc are part of the energy of the system
being considered. But it is the increase in kinetic energy
that is of interest here. Also, it will be the difference in
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potential, not the potential itself, that will be important
below. Therefore, because of the steady nature of the flow
in the jet, the energy of the particles in VOLc will cancel
out in the before-and-after calculations below.
It will thus be the systems of molecules in VOL anda
VOLb that will appear in the energy equation. In particular,
it will be the clustering of the system of molecules in VOLb
that will be considered in detail. The molecules in VOLb
are equal in number, on the average, to the molecules in
VOL . Moreover, what happens to the system of molecules in
VOLb will eventually happen to the system of molecules in
VOL . However, the particles in VOL b are considered here to
be different from the particles in VOL . It would be possi-
ble to adopt another point of view in which the system of
particles being considered was the system of particles initi-
ally contained in VOL . But that is not the point of view
taken here.
2.3.2 Conventional Definition of Pressure:
Pressure and temperature are defined in a thermodynamic
sense as properties of a system in equilibrium. The system
being considered is out of equilibrium, so that pressure and
temperature will be defined kinetically here. Moreover, two
different definitions of temperature, and two associated dif-
ferent definitions of pressure, are possible for groups of
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clusters. The difference in the definitions is not in con-
cept, but rather is in the difference between the thermal ve-
locities that are used in the definitions. In particular, it
will be the average of the squares of the thermal velocities
that will define the temperatures below.
Where equilibrium is not assured, pressure has been de-
fined 26 as the average over the three directions of the nor-
mal components of the TMF (thermal momentum flux). Thus,
following Vincenti and Kruger, the pressures Pa and Pb above
will be the average of the normal components of the TMF
across the (normal) surfaces at the ends of the system being
considered, as shown in Figure 1.2. The pressure in each
case is, furthermore, to be the average of all of the TMF,
not just part of the TMF, because the integrals in equation
(2.3.1 #1) above encompass all of the external forces, not
just part of them, that act on the system. The necessity for
using all of the TMF will appear below in connection with
equation (2.3.3 #12) for one of the aforementioned pressures,
as associated with one of the temperatures. The physical
mechanism for the existence of a force which moves the sys-
tem of particles through a distance, thereby doing work on
the system, is the transfer of momentum by way of collisions
between particles. The rate of transfer of momentum is, in
turn, measured by the aforementioned TMF across a surface.
In this case, the surface will be one of the normal surfaces.
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In order for the meaning of pressure to be clear, the
meaning of TMF must be clear, because pressure is being de-
fined in terms of TMF. TMF is the thermal momentum that
crosses a unit area in a unit time. TMF is given by the pro-
duct of the mass flux crossing the area (at thermal veloc-
ity, to be defined below) and the thermal velocity27 . Since
the mass flux is the mass density multiplied by the thermal
velocity, the normal component of the TMF is given by the
product of the mass density and the square of the thermal ve-
locity.
Thermal velocity is defined 28 as the velocity of a gen-
eral particle of the system minus the average velocity of the
system. The average velocity of the system is the velocity
of the CM of the system. Where the system is a mixture of
particles with different masses, the thermal velocity is con-
ventionally still defined 29 as the velocity of a general par-
ticle of the system minus the velocity of the CM of the en-
tire system (i.e., the whole mixture). The system being con-
sidered is a mixture of particles with different masses,
where the clusters of different sizes (i.e., numbers of mo-
lecules) play the role of particles with different masses.
In point of fact, it is actually the CM of a cluster that
plays the role of a particle here; a cluster also (possibly)
contains motion WRT its CM, as well as the motion of the CM.
The kinetic energy of the (possible) motion WRT the CM of the
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cluster will be a part of the internal energy of the cluster
which will be considered in more detail below.
The thermal velocity, as it is conventionally defined,
for the system of clusters is given in Figure 2.1 as vi",
and the velocity of the CM of the system is given there as #.
The subscript k designates the size (number of molecules) of
the cluster that has the thermal velocity ki". The sub-ki
script i here designates a general member of the group of
clusters of size k. The double primes designate a quantity
(here a velocity) that is measured WRT the CM of the system.
A single prime, on the other hand, will designate below a
quantity that is measured WRT the CM of a group of clusters
of a common size.
The TMF of a group of clusters of a common size is then
defined by convention not WRT the velocity of their group CM,
but rather WRT the velocity of the CM of the system (i.e.,
the mixture). The system will, in general, consist of sev-
eral groups of clusters (i.e., several sizes). The partial
I!
pressures Pk of a group of clusters of size k is then given
by the average of the normal component of the TMF of that
group of clusters. Following Vincenti and Kruger30 , P" isk
given by:
P 1k" [ Vki "V 2 (2.3.2 #1)k 3 k •"] ¶kv ] = (23.k k
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II
where Pk
k
Vki
Vk
= partial pressure of cluster group k measured
WRT the CM of the system.
= mass density of cluster group k.
= thermal velocity of cluster i in group k,
measured WRT the CM of the system.
= thermal speed of clusters of size k, meas-
ured WRT the CM of the system.
1The factor of - on the RHS (right hand side) of equation
(2.3.2 #1) above provides the average over the three normal
components (not an ensemble average here, but instead a sim-
ple arithmetic mean) of the TMF that follows. The mass den-
sity qk is given by:
Mk
k VOL
x
(2.3.2 #2)
where Mk  = mass of clusters of group k in volume VOL x
VOLx = volume swept out by the surface on which
the pressure acts, namely VOLa or VOLb .
The thermal velocity ki" is defined (from Figure 2.1)
by:
Vki ki (2.3.2 #3)
--b-where vki= velocity of cluster i, of size k, measured
WRT the laboratory frame, as given in Fig-
ure 2.1.
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V = velocity of the CM of the system of par-
ticles contained in VOL
x
The thermal speed vk of cluster group k is defined by:
" 2 " 2 -- ,, -.
Vk = [ki ki ki" ] (2.3.2 #4)
(The letter C has been used in text books for thermal speed.)
The mass Mk of cluster group k is given by:
Mk = Nkmk (2.3.2 #5)
where Nk = number of clusters of size k in group k.
mk = mass of a cluster of size k.
The mass mk is, in turn, given by:
mk = km1 (2.3.2 #6)
where k = number of molecules in cluster (i.e., size
of cluster).
mi = mass of a monomer; i.e., mass of a single
molecule.
The overall pressure P is the sum of the partial pres-
It
sures Pk* The overall pressure is thus the average of the
normal components of the total TMF. The overall pressure is
the static pressure because if is defined WRT the CM of the
system. The static pressure is thus given by31:
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N of N
P = SUMPk = SUM (3•k v )
k=1 k=1
(2.3.2 #7)
where N = number of different sizes of clusters (also the
number of different groups of clusters). (In
the work of Dreyfuss and Wachman 32 used below
the number N is 40.)
All of the partial pressures Pk above are measured WRT
the same reference: they all use the thermal velocities meas-
ured WRT the CM of the system. The pressure P as given by
equation (2.3.2 #7) above is the conventional definition 33 .
The pressure P is the pressure that would be measured by an
observer moving with the velocity of the CM of the system, so
that P is the static pressure, as mentioned above.
It
For each partial pressure Pk (i.e., for each cluster
Ii
group k) there exists a cluster temperature Tk such that the
gas law is satisfied for the group of clusters of size k:
it II
PkVOL = N k T
where kB =
11
T =k
(2.3.2 #8)
Boltzmann's constant.
temperature of the (group of) clusters of
size k, to be defined below in terms of the
thermal velocities vk" which are measured WRT
the CM of the system.
Substituting from equation (2.3.2 #1) for the partial pressure
CHAPTER 2, SECTIONS 2.3.2 & 2.3.3
Pk gives (with some slight algebra) the cluster temperature Tk
1I
expressed in terms of the thermal speed vk as defined WRT the
CM of the system:
3 T 1 "2 1 2 1 = k (2.3.2 #9)2 Bk mkvk = mk[vki ] = mkki "] (2.3.2 #9)
II
The cluster temperature Tk is thus expressed in terms of the
1 " 2thermal kinetic energy Imkvk of a cluster of size k as
measured WRT the CM of the system.
2.3.3 Definition of Temperature WRT Group CM:
The cluster temperature Tk could be determined experi-
mentally if the thermal velocities - " could be determined.ki
Equation (2.3.2 #3) shows that such a determination would re-
quire that the velocity V of the CM of the system also be de-
termined. On the other hand, the distribution of the veloc-
ities vki, measured WRT the laboratory coordinate frame, can
determine another cluster temperature without reference to
the rest of the system. In this regard, the distribution of
the times-of-flight of clusters of a common size has been
fitted with a MB distribution 34 as a means of determining
cluster temperature. The distribution of the axial compo-
nents of the cluster velocities can then be considered to be
described by a MB distribution. Then with the assumption that
the variance of the velocity distribution is the same in any
direction, as discussed in Section 1.8, a cluster temperature
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can be defined in terms of the variance of the distribution of
the velocities v k.ki
In this connection, the MB distribution has the general
form 35 of a distribution around the mean value of the distri-
buted velocities, not around some other mean value such as the
mean velocity of a mixture. That is to say, the MB distribu-
tion of the velocities Vki would show a variance about the
mn oki
mean of the v ki and the mean of the v would be the velocity
of the CM of the clusters of size k. Thus another way to de-
fine the temperature of a group of clusters all of a common
size is by way of the spread of the cluster velocities about
their own mean, not the mean velocity V of the whole system.
A temperature Tk can be defined, then, using the thermal ve-
locity vki' measured WRT the CM of group k, as given in Figure
2.1. The prime symbol, indicating a quantity measured WRT the
CM of a group, will be omitted from the temperature Tk and the
associated partial pressure Pk (to be defined below) for sim-
plicity. The temperature Tk can thus be defined by:
3  1 -2 -, 1 '2 1 '2kB k =mkvki vk = 1mk[ki ] = mkvk (2.3.3 #1)
where Tk  = temperature of the (group of) clusters of
size k, defined above in terms of the ther-
mal velocities v ' which are measured WRT
the CM of the cluster group k.
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---lo,
Vki = thermal velocity of cluster i in group k,
measured WRT the CM of the cluster group k.
Vk = thermal speed of clusters of size k, meas-
ured WRT the CM of the cluster group k.
The thermal velocity V j', as given in Figure 2.1, is:
Vki Vki - V k (2.3.3 #2)
where Vk = velocity of the CM of the cluster group k,
measured WRT the laboratory coordinate frame,
given in Figure 2.1; also the mean velocity of
clusters of size k WRT the laboratory frame.
The thermal speed vk is defined by:
' 2 ' 2 -= . .- ] (2.3.3 3)
vk ki ki ki
The cluster temperature Tk is thus expressed in terms of
1 '2the thermal kinetic energy Imkv of a cluster of size k as2k
measured WRT the CM of cluster group k. The quantity vk 2, be-
ing the average of the squares of the deviations about the
mean velocity, is the variance of the distribution of the
cluster velocities vki which are measured WRT the laboratory
frame. The cluster temperature Tk is not the same as the
cluster temperature Tk defined earlier in equation (2.3.2 #9).
The former is defined WRT the CM of cluster group k, whereas
the latter is defined WRT the CM of the system.
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The two temperatures are defined by the averages of the
squares of two different thermal velocities, namely vki" and
v -' Therefore the relation between the two temperatureski "
will be found by way of the relation between the two thermal
velocities, which from Figure 2.1 is:
ki = ' + V (2.3.3 #4)
where Vk = velocity of the CM of cluster group k meas-
ured WRT the CM of the system, given in Fig-
ure 2.1; also the mean velocity of clusters
of size k WRT the CM of the system.
The velocity Vk  of the CM of group k measured WRT the CM of
the system is related to the velocity k by:
4V- --o
V = V - V (2.3.3 #5)k k
The relation above is obtained by inspection of Figure 2.1.
The two thermal velocities differ by the velocity of the
CM of their group WRT the CM of the system, as shown in equa-
tion (2.3.3 #4). The thermal kinetic energy of the clusters,
which appears in the defining equation for each cluster tem-
perature, will then differ by the kinetic energy of the CM of
the group as measured WRT the CM of the system. Similarly,
there will be two partial pressures which will differ by the
momentum fluxes of the group centers-of-mass as measured WRT
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the CM of the system. The aforementioned differences will
appear explicitly below.
The thermal kinetic energy is given by first finding the
kinetic energy WRT the CM, and then taking the average of it.
In this way the relation between the two cluster temperatures
will emerge. The kinetic energy of the clusters in group k is
the kinetic energy of the clusters WRT the CM of the group,
plus the kinetic energy of the CM of the group. The kinetic
energy of the CM of the group will be measured WRT the CM of
the system. The kinetic energy WRT the CM of the system is
then given as follows for the clusters in group k:
Nk 1 " 2 Nk 1 ' 2 Nk 1 " 2SUM_ mkVki = SUM mkvk  + SUMmkVk  (2.3.3 #6)
i=1 i=1 i=1
The LHS above is the sum of the kinetic energies of the clus-
ters WRT the CM of the system. The first term on the RHS is
the sum of the kinetic energies of the clusters WRT the group
CM. The second term on the RHS is the kinetic energy of the
group CM as measured WRT the CM of the system.
In each of the summations above the cluster mass mk is
the same for every term, and thus the common factor 1mk can be
placed in front so as to multiply everything remaining in the
" 2sum. In the second term on the RHS, Vk is also the same for
every term (the clusters have a common CM), so that V" 2 cank
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also be placed in front of the summation; the remaining sum-
mation then gives the number Nk . The average of equation
(2.3.3 #6) is then:
1 Nk " 2 1 Nk '2 1 " 2
2mk[SUMVki = mk[SUMvk + NmkV k (2.3.3 #7)i=l i=1k
The CM velocities 1V" are already averages. The average of
the two sums is the sum of the averages of the squared veloc-
ities being summed. But all of those averages are the same
within each sum. The reason is that in averaging any cluster
property over an ensemble of clusters, all of a common size,
there is nothing to distinguish one cluster from another:
then the average is the same for each. Thus the average of
each of the sums above is given by the number Nk of clusters
of size k multiplied by their common average. The result is:
1 " 2 1 '2 1 " 2
2 mkNk[Vki ] = mkNk[Vk ] + mNVk (2.3.3 #8)
The thermal speeds vk and vk from equations (2.3.2 #4) and
(2.3.3 #3) could replace the thermal velocities above. The
product mkNk in each term above is, from equation (2.3.2 #5),
the mass Mk of the clusters of group k.
The ensemble that is used for the averaging above is a
collection, in concept, of particle systems such as the one
shown in Figure 1.1. All of the systems are prepared in the
same way: each is part of a jet that issues from a reservoir,
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with all reservoirs constructed alike, and with the reservoir
conditions (temperature and pressure) the same throughout the
ensemble. The averages that are taken then are averages over
the ensemble of particle systems at a particular time.
Now substituting the thermal speeds for the thermal ve-
locities in equation (2.3.3 #8) gives the slightly more con-
venient expression:
1 "2 1 '2 1 "2(2.3.3
2 mkNk k 2 mkNkVk  2 mkNkVk k(2.3.3 #9)
Then substituting for the thermal kinetic energy terms above
from the expressions for the temperatures, namely equations
(2.3.2 #9) and (2.3.3 #1), gives the relation between the two
temperatures:
3 " 3 1 "2
NkkB k = NkkBTk + mkNkV (2.3.3 #10)
The LHS above is the thermal kinetic energy of a group of
Nk clusters, all of size k, measured WRT the CM of the system.
The first term on the RHS is the thermal kinetic energy of the
same Nk clusters, but measured WRT the CM of the group. The
second term on the RHS is the kinetic energy of the group CM
measured WRT the CM of the system. The significance of this
latter term is that if it were summed over all N of the vari-
ous groups of clusters, the sum would itself be a thermal ki-
netic energy: it would be the thermal kinetic energy of the
centers-of-mass of the cluster groups measured WRT the CM of
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the system. It is seen from the equation above that the two
cluster temperatures will differ whenever the CM of the clus-
ter group has a velocity WRT the CM of the system.
There can be defined 36 a partial pressure Pk associated
with the cluster temperature Tk such that the gas law is sat-
isfied by Pk and Tk:
PkVOLx = NkkBTk  (2.3.3 #11)
where Pk = partial pressure of cluster group k measured
WRT the CM of the group.
Substituting on the RHS for the temperature Tk in terms of the
thermal kinetic energy, equation (2.3.3 #1), gives the partial
pressure Pk in a relation similar to equation (2.3.2 #1) for
the partial pressure Pk:
Pk k vk 2  (2.3.3 #12)k 3 kk
Thus the partial pressure Pk is expressed in terms of the
TMF of the clusters of size k measured WRT the CM of those
clusters. The momentum of the CM of those clusters is not
contained in Pk. Then the sum of the partial pressures Pk
will not contain all of the TMF: the sum will not contain
the momentum flux of the centers-of-mass of the cluster
groups. Thus the sum of the partial pressures Pk will not
give the static pressure P because P contains all of the mo-
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mentum flux, not just part of it. It is the sum of the par-
it
tial pressures Pk' defined WRT the CM of the system, that
gives the static pressure P. But it is the partial pressure
Pk that satisfies the gas law with Tk'
The relation between the two partial pressures can be ob-
tained immediately by multiplying the equation relating the
two cluster temperatures, namely equation (2.3.3 #10), through
2by :
1 " 2NkkT k = NkkBTk + kNkVk  (2.3.3 #13)
The LHS above is, by equation (2.3.2 #8), equal to the par-
tial pressure Pk multiplied by the volume VOL . The first
term on the RHS is, by equation (2.3.3 #11), equal to the par-
tial pressure Pk multiplied by VOLx . Dividing through by the
volume, and recalling that the product mkN k is, by equation
(2.3.2 #5), the mass Mk of cluster group k, then gives:
" 1 " 2
P Pk V+ ¶ k (2.3.3 #14)k k 3 kk
The static pressure P is given by the sum over the N
cluster groups (or sizes) of the Pk:
N ,, N N 1 " 2
P = SUMP =SUMPk + SUM lV (2.3.3 #15)
k=1 k=1 k=l
The second term on the RHS above is the momentum flux of the
centers-of-mass of the cluster groups measured WRT the CM of
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the system. Thus the partial pressures Pk do not sum up to
the static pressure P: this is the result that was antici-
pated above.
2.3.4 Pressure and Temperature to be Used:
Having defined two cluster temperatures and their associ-
ated partial pressures, and noted the differences in the defi-
nitions, the question arises as to which to use. The choice
is complicated by the fact that it is the partial pressures P
that sum up to the static pressure P, but it is the cluster
temperatures Tk that are the most straight-forward to deter-
mine. The reason is that, as was mentioned previously, the
determination of Tk requires only the distribution of the ve-
locities vki' whereas the determination of Tk requires in ad-
dition the determination of the system CM velocity V. The ve-
locity V is given below in equation (2.3.4 #13).
Thus it appears that the partial pressure to be used is
i,
Pk' and that the cluster temperature to be used is Tk . This
partial pressure and this cluster temperature do not together
satisfy the gas law. Their relation comes directly from sub-
stituting the relation between the temperatures, equation
(2.3.3 #13), into the gas law that is satisfied by Pk and Tk,
namely equation (2.3.2 #8). The result is:
" 1 " 2
PkVOLx = NkkBTk + 1mkNkVk (2.3.4 #1)
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The static pressure P is contained in the sum of the re-
lations above over the N cluster groups:
N ,, N N 1 " 2
PVOLx = SUMP kVOLx = SUMN k T + SUM3mk k Vk  (2.3.4 #2)
k=1 k=1 k=1
The relation above will be used for the work done by the ex-
ternal forces in equation (2.3.1 #1). Thus downstream at the
location of the instruments, as shown in Figure 1.1, the work
that is done by the system is:
N N 1 " 2PbVOLb = SUM NkkBT k + SUM-mkNkVk  (2.3.4 #3)
k=1 k=1
The quantities on the RHS above are now the quantities for the
system of particles in VOLb.
Upstream in VOL a equation (2.3.4 #2) becomes simple. In
the reservoir all CM velocities are zero, since there is no
average velocity in any direction, and so the second term on
the RHS is zero. Also, there are only individual molecules in
the reservoir (clustering is negligible in the reservoir), so
that only the monomer term in the first sum on the RHS exists.
Thus the work done by the external forces upstream on the sys-
tem is:
PaVOLa = NTkB To  (2.3.4 #4)
where NT = number of molecules (monomers) in VOL
T = temperature of the molecules in the reservoir.0
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The number of molecules, NT, in VOL a is (as pointed out
in Section 1.13) also the number of molecules in VOLb (on the
average), whether or not the molecules in VOLb have clustered
together. The number of molecules in VOLb is: the number N1
of unclustered molecules (monomers), plus two times the number
N2 of two-molecule clusters, plus three times the number N3 of
three-molecule clusters, and so on. The equality of the num-
ber of molecules in VOLa and VOLb is then expressed by:
N
N = SUM k N (2.3.4 #5)T kk=1
The net work done by the external forces on the system
being considered is given by equations (2.3.1 #1), (2.3.4 #4),
and (2.3.4 #3). Substituting the last two equations into the
first gives:
b N 1 N 2
[SUM fdr i. Fei] = (NTkBTo) - (SUM NkkBTk 3 SUM M k V k ) (2.3.4 #6)
i a k=1 k=1
where the first parentheses on the RHS enclose the work
done by the external forces on the system upstream, and
the second parentheses enclose the work done by the sys-
tem downstream.
1
In the second summation on the RHS the factor 3 has been moved
out in front, and the mass Mk has replaced the product mkNk
because the sum has to be added to a similar sum that will ap-
pear in the equation for the kinetic energy below. With the
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help of equation (2.3.4 #5) the net work done by the external
forces on the system can thus be determined by measuring the
reservoir temperature, the cluster populations, and the clus-
ter velocities. The energy equation, which will include the
work done by the external forces as set forth above, will be
put into a form where only the relative cluster populations
appear.
The group CM velocities Vk  in equation (2.3.4 #6) are
measured WRT the CM of the system of particles in VOLb . But
it is the group CM velocities Vk measured WRT the laboratory
frame that are determined experimentally. Therefore, the Vk
will be replaced by the V in equation (2.3.4 #6). The re-
placement will be made by way of equation (2.3.3 #5) relating
the Vk to the V and to i , the velocity of the CM of the
system in VOL b . Then the velocity V will also be expressed
-4m
entirely in terms of the Vk . Substituting from equation
(2.3.3 #5) into the second sum on the RHS of equation
(2.3.4 #6) above gives:
N N i 2  V v2 -+
SUMMkV =SUMMk(Vk +V 2 V Vk)
k=1 k=1
N N N
= SUMMkV + SUMMkV - 2V SUM MkVk  (2.3.4 #7)
k=1 k=1 k=l
But the velocity V of the CM of the system in VOLb is de-
fined by:
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_- N _-
MV = SUMMkVk  (2.3.4 #8)
k=l
where M = total mass of the system of molecules in VOLb.
The relation above follows immediately from the definition of
the CM, as can be seen from Figure 2.1. The total mass in
VOLb is given by the sum of the masses Mk of all of the groups
of clusters in VOLb , and equally by the sum of all of the
masses of the NT molecules in VOL
N N N
M = NT m = SUMM k = SUMmkNk = SUMk mN k  (2.3.4 #9)
k=1 k=1 k=1
Substituting equations (2.3.4 #8) and (2.3.4 #9) into equation
(2.3.4 #7) gives the desired replacement:
N NN 11 2 N 2 2SUM MkVk =SUMMkV - MV (2.3.4 #10)
k=1 k=1
Next, the velocity V of the CM of the system in VOL b will
be expressed in terms of the mean velocities V of the cen-k
ters-of-mass of the groups. The velocity rcan be determined
then by measuring the relative cluster populations and cluster
mean velocities as follows. Substituting for the total mass M
and the cluster group mass Mk in equation (2.3.4 #8) by using
equation (2.3.4 #9) gives:
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N N
(SUMkmlNk)V = SUM (kmlNk)Vk (2.3.4 #11)
k=1 k=1
Cancelling the common factor of the monomer mass mi and di-
viding through by the number N1 of the monomers in VOLb gives
the velocity V in terms of the relative cluster populations
-Nk and the mean cluster velocities Vk as follows:N1  k
N N
(SUM k k)V = SUMk ki (2.3.4 #12)
k=1 N1  k=1 N1 Vk  (2.3.4 #12)
Solving for the velocity 1gives:
N Nk-
SUM k N1 Vkk=l 1
V = (2.3.4 #13)
N
SUM k ik
k=1 N1
The equation above shows that the velocity can be de-
termined from the relative cluster populations and the clus-
ter mean velocities. The two equations (2.3.4 #10) and
(2.3.4 #13) above then complete the replacement of the veloc-
ities__ with the velocities . It is the latter velocitiesk k
that are measured WRT the laboratory frame. Substituting
equation (2.3.4 #10) into equation (2.3.4 #6), for the work
done by the external forces, gives:
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b N 1 N 2
[SUM adr Fei = (NTkBTo) 
- (SUMNkkBTk + 3SUM MkVki a k=1 k=l
- MV2 ) (2.3.4 #14)
The equation above gives the work done by the external
forces in terms of the cluster populations, temperatures, and
velocities that can be determined experimentally. The mass
terms appearing above will later be replaced by the relative
populations and a single mass term, namely the monomer mass
mi , when equation (2.3.4 #14) above takes its place in the
energy equation. The replacement of the mass terms will be
similar to their replacement in equation (2.3.4 #13) for the
AW
velocity V of the CM of the system in VOLb . Because it is
unwieldy, equation (2.3.4 #13) for twill be left as a sup-
plementary equation instead of substituting it into equation
(2.3.4 #14) and eliminating V.
If the temperature Tk is used instead of Tk the work
done by the external forces is given more simply as:
b N
[SUM dr * Fei] = (NTkBTo) - (SUMNkkBTk) (2.3.4 #15)
i a k=1
Equation (2.3.4 #15) comes directly from substituting equation
(2.3.3 #13) into equation (2.3.4 #6). The complexity in equa-
tion (2.3.4 #14) comes from the use of the temperature Tk.
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2.4 Potential Energy:
--go
The internal forces F.. between the particles of the sys-31
tem bring about the clustering of the particles. The forces
between water molecules appear to be electrostatic and nothing
more 37 ,38 . Therefore the internal forces will be regarded as
conservative, and thus derivable from potentials.
The work done by the internal forces will then be expres-
sed as a change in the potentials that characterize the inter-
nal forces. The work done by the internal forces is thus,
from equation (2.2 #2):
b b a[SUM *dr ] = [SUM f T *' (
- [SUM (§i. - a ) ]
- SUM b a
ij ij
= - SUM ([§ ] -[§ ]) (2.4 #1)S ij ij
where GRA. = gradient operator, usually represented by
the symbol V . The subscript i indicates
that the derivatives are taken WRT the co-
ordinates of particle i.
i = interparticle potential between particle i
and particle j such that F..= - GRAD. .3i i ij
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bij == interparticle potential .ij for configur-
ation b.
0.j = interparticle potential §ij for configur-
13 1)
ation a.
The summations above are over all of the pairs of parti-
cles in the system. However, here a particle must be in the
neighborhood of another particle in order to interact with it.
The interparticle potential, in other words, is considered to
be a short range potential. Thus the interparticle potential
for particles that are not neighbors is the potential for non-
interaction. It will be convenient, then, to first separate
the summations above into parts dealing with particles that
are neighbors and particles that are not. The particles that
are not neighbors have the interparticle potential for non-in-
teraction; if such particles remain non-neighbors, their in-
terparticle potential remains the potential for non-inter-
action. Then the particles that remain non-neighbors do not
contribute to the difference in potential that appears in the
last expression in equation (2.4 #1)
Almost all of the particles that are non-neighbors ini-
tially in configuration a are non-neighbors finally in config-
uration b because the relative velocities of the particles are
low. It is known from experimental results 39 that the vari-
ance of the velocities of clusters of the same size is low
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(because the temperature is low). Moreover, the difference
between the mean velocities of clusters of different sizes is
also observed to be low. Therefore, the contribution to the
summations in equation (2.4 #1) of particles that are initi-
ally non-neighbors will be considered as nil.
The contributions to the last expression in equation
(2.4 #1) will then be from particles that are initially neigh-
bors in VOLa and VOL c , and finally neighbors in VOLc and VOLb .
The aforementioned volumes are shown in Figure 1.2. However,
since the flow is steady, the initial and final contributions
from VOLc will cancel, on the average. Thus the contributions
that remain are from the particles in VOLa and VOLb . Further-
more, the particles in VOLa are in the reservoir where there
is no (appreciable) clustering. So the interparticle poten-
tial for particles in VOLa is the potential for non-inter-
action. Therefore on the average the interparticle potential
for particles in VOLb has changed from the potential for non-
interaction in VOLa to the potential for (possible) inter-
action in VOLb . Only those particles whose potential has
changed from the potential for non-interaction contribute,
then, to the last summation in equation (2.4 #1).
The last summation in equation (2.4 #1) is thus equal to
the sum of the potential changes for all of the particles in
VOL b which form two-molecule clusters, plus the sum of the po-b
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tential changes for all of the particles in VOLb which form
three-molecule clusters, and so on. In other words, the total
change in potential for the particles in VOLb is found by
first summing up the change in potential for all of the par-
ticles which form clusters of size k, and then summing up
those changes over all N of the different sizes of clusters.
In summing up the change in potential for all of the particles
which form clusters of size k, the sum will have Nk terms, one
for each cluster of size k. Then in taking the average the
summation becomes Nk times the average change in potential for
clusters of size k. The last summation in equation (2.4 #1)
is thus given by:
b a b aSUM ([ §ij] - [ ]) = SUMNk( - k )
jfi k=2
(2.4 #2)
b
where §k = average of the total potential of all of the
particles which form a cluster of size k.
§k = average of the total potential of all of the
particles which form a cluster of size k when
those particles are not bound at all; i.e.,
when their interparticle potential is the po-
tential for non-interaction.
b a
The total change in potential, (bk- k)' is the (average
of the) total change in potential of all k particles which
have formed a cluster of size k, regardless of how the cluster
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was formed. For example, a cluster of three particles could
be formed by first forming a cluster of two particles, and
then adding a third. Or, a cluster could be removed from a
four-particle cluster. Or a three-particle cluster could be
formed by bringing in three particles simultaneously from a
non-interacting separation. The total change in potential is
considered to be the same for all cases here, no matter how
the cluster was formed.
The work done by the internal forces is thus given by
substituting equation (2.4 #2) into equation (2.4 #1):
b N b[SUM I - ] - MN b a (2.4 #3)
j[ i a 31 k=2
The potential difference (§k - k§) is the (average) potential
energy of the k particles of a cluster of size k; i.e., it is
the internal potential energy of the cluster. Equation
(2.4 #3) above plus equation (2.3.4 #14), as supplemented by
equation (2.3.4 #13), gives the work done by the forces in-
volved in moving the system from configuration a to configur-
ation b. The increase in kinetic energy of the system is cal-
culated next.
2.5 Kinetic Energy:
2.5.1 General Consideration of the Kinetic Energy:
Kinetic energy for a system of particles consists in gen-
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eral of two parts: the kinetic energy obtained if all the
mass were concentrated at the CM, plus the kinetic energy of
motion WRT the CM40 . This is a resolution of the kinetic en-
ergy into its two parts that can be applied step-by-step to
the system of clusters here so as to display the various
parts of the kinetic energy of the system. The step-by-step
resolution will be continued far enough to include the kinet-
ic energy of atomic motion (if any) WRT the CM of a molecule.
The reason for going that far with the resolution is that
there may be kinetic energy in the spinning motion of a molec-
ule about its own CM; the spinning motion would be the rota-
tion of the atoms in the molecule about the CM of the molec-
ule.
2.5.2 Kinetic Energy of the System:
Thus, in classic fashion, the kinetic energy KE of the
system of clusters is given by the kinetic energy of the CM of
the system (WRT the laboratory frame), plus the kinetic energy
of motion WRT the CM of the system:
KE = (2MV2) + KE (2.5.2 #1)
where KECM = kinetic energy of motion WRT the CM of the
system.
The kinetic energy KECM of motion WRT the CM of the system is
given by the sum of the kinetic energies of the groups of
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clusters, grouped according to size, measured WRT the CM of
the system.
The kinetic energy of each group of clusters is, in turn,
given by the kinetic energy of the CM of the group, plus the
kinetic energy of motion WRT the CM of the group. The kinet-
ic energy of the CM of the group is measured WRT the CM of the
system. The motion WRT the CM of the group is the motion of
the constituent clusters WRT the CM of the group. Thus the
kinetic energy KECM of the motion WRT the CM of the system is:
N N NN 1 2 N 1 " 2KECM SUM (2MkV k + KEk) = SUM MkV k  + SUMKE k  (2.5.2 #2)
k=1 k=1 k=1
where KE k = kinetic energy of motion WRT the CM of
group k.
The summation above is over all N of the different groups
(sizes) of clusters. The velocity Vk  is the velocity of the
CM of the group of clusters of size k WRT the CM of the sys-
tem, as given in Figure 2.1. The kinetic energy KEk of motion
WRT the CM of group k is given by the sum of the kinetic ener-
gies of the constituent clusters as measured WRT the CM of
group k.
The kinetic energy of each constituent cluster of a group
is given by the kinetic energy of the CM of the cluster, plus
the kinetic energy of motion WRT the CM of the cluster. The
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kinetic energy of the CM of the cluster is measured WRT the CM
of the group to which the cluster belongs. The motion WRT the
CM of the cluster is the motion of the constituent molecules
WRT the CM of the cluster. Thus the kinetic energy KEk of the
motion WRT the CM of group k is:
Nk 1 '2 Nk 1 '2 Nk
KEk = SUM ( mkvki +KEki) = SUM mkVki + SUMKEki (2.5.2 #3)
i=1 i=l i=l
where KEki = kinetic energy of motion WRT the CM of clus-
ter i of size k.
The summation above is over all Nk of the clusters of size k;
i.e., over all of the clusters in group k. The velocity v-'
of the CM of cluster i of size k is measured WRT the CM of
group k, as given by inspection of Figure 2.1 The sum that
contains vki 2 in the equation above will, upon averaging, con-
tain the cluster temperature Tk , as discussed in Section 2.3.3
and given in equation (2.3.3 #1). Thus the temperature Tk
arises naturally from this resolution of the kinetic energy.
The kinetic energy KEki of motion WRT the CM of cluster i is
given by the sum of the kinetic energies of the constituent
molecules as measured WRT the CM of cluster i.
The kinetic energy of each constituent molecule of a
cluster is given by the kinetic energy of the CM of the molec-
ule, plus the kinetic energy of motion WRT the CM of the mo-
lecule. The kinetic.energy of the CM of the molecule is mea-
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sured WRT the CM of the cluster containing the molecule. The
motion WRT the CM of the molecule is the motion of the con-
stituent atoms WRT the CM of the molecule. Thus the kinetic
energy KEki of motion WRT the CM of cluster i, of size k, is
given by:
k 1 2 k 1  2 k
KE = SUM (mVkij +KEki) = SUM-im v + SUM KE (2.5.2 #4)ki 2U 1k kij 2 1 kij j=1 kijj=1 j=1 j=1
where v kij = velocity of the CM of molecule j, in clus-
ter i, of size k, WRT the CM of cluster i.
KEkij = kinetic energy of (atomic) motion WRT the
CM of molecule j, in cluster i, of size k.
The summation above is over all k of the molecules in cluster
i of size k. The velocity Vk j of the CM of molecule j, in
cluster i, is measured WRT the CM of cluster i; kij is shownkij
in Figure 2.2. The kinetic energy KEkij of motion WRT the CM
of molecule j is given by the sum of the kinetic energies of
the constituent atoms as measured WRT the CM of molecule j.
The case where the size k of a cluster is unity requires
investigation for equation (2.5.2 #4) above. In this case
there is only one molecule in the cluster, so both indices j
and k are unity. The velocity v' j is then the velocity ofkij
the CM of the sole molecule in the cluster WRT the CM of the
cluster, which is now the CM of the molecule itself; this ve-
locity is zero since the CM does'not move WRT itself. There-
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fore, the smallest size of cluster for which the velocity Vkijkij
is non-zero is two. Then the summation over the index k, for
the term containing v2 ij , begins at two.
Substituting equations (2.5.2 #4), (2.5.2 #3), and
(2.5.2 #2) into equation (2.5.2 #1) gives the system kinetic
energy resolved into its components:
N1 2 1 "2 N Nk 1  '2KE = (MV ) + SUM + SUM SUM 2mkvk +
k=1 k=1 i=1
N Nk k 1  2 N Nk k
+ SUM SUM SUM mlvki + SUM SUM SUMKEi (2.5.2 #5)
k=2 i=1 j=1 k= i= j=1 kij
The first and second terms on the RHS above can be combined
into one term: the (sum of the) kinetic energies of the cen-
ters-of-mass of the cluster groups WRT laboratory frame. Mul-
tiplying equation (2.3.4 #10) through by I and substituting
the result into equation (2.5.2 #5) above gives the simpler
expression:
N 1  2 N Nk 1  '2 N Nk k 1  2KE =SUM-MkV + SUM SUM-mkvki + SUM SUM SUM-mlvkij
k=1 k=1 i=1 k=2 i=1 j=1
N Nk k
+ SUM SUM SUM KE
k=1 i=1 j=1
(2.5.2 #6)
The step-by-step resolution of the kinetic energy could
have begun with the summing of the kinetic energies of the
centers-of-mass of the cluster groups, which is the first term
on the RHS above. Then the kinetic energy of the CM of the
69
CHAPTER 2, SECTIONS 2.5.2 & 2.5.3
system and the kinetic energies of the centers-of-mass of the
groups WRT the CM of the system would never have appeared.
Equation (2.5.2 #6) would have appeared instead. But the main
idea of the resolution of the kinetic energy was to resolve it
into the kinetic energy of the CM and the kinetic energy WRT
the CM. So that is the procedure followed here, mainly for
clarity of exposition.
2.5.3 Angular and Radial Motion in the Clusters:
The motion of a particle WRT some origin can in general
be resolved into an angular part and a radial part. The ki-
netic energy of a molecule in a cluster can thus be resolved
into an angular part and a radial part, both measured WRT the
CM of the cluster. The sum of the kinetic energies of the mo-
lecules in a cluster WRT the cluster CM can thus be resolved
into an angular part and a radial part. The angular part then
becomes the kinetic energy of rotation of the cluster as a
whole about its CM, and the radial part becomes the vibration-
al kinetic energy of the molecular centers-of-mass. The third
term on the RHS of equation (2.5.2 #6) can thus be written as
follows:
N Nk k 1  2 N Nk rot N Nk vib
SUM SUM SUM-nmlvk = SUM SUM KE + SUM SUM KE (2.5.3 #1)
k=2 i=1 j=1 2 kij k=2 i=1 ki k=2 i=l1
where KEr t = rotational kinetic energy of the centers-
of-mass of the molecules of cluster i
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about the CM of cluster i, of size k.
vibKEki = vibrational kinetic energy of the centers-
of-mass of the molecules of cluster i WRT
the CM of cluster i, of size k.
Substituting equation (2.5.3 #1) into equation (2.5.2 #6)
gives for the kinetic energy KE:
N 1 2 N Nk 1  '2 N Nk rotKE = SUMMkVk + SUM SUM2mk ki + SUM SUMKEki
k=1 k=1 i=1 k=2 i=1
N Nk vib N Nk k
+ SUM SUMKE + SUM SUM SUMKE ki (2.5.3 #2)
k=2 i=1 k=1 i=l1 j=1
The group of clusters of a common size, size k in gener-
al, will then have an average rotational kinetic energy. The
possibility then exists that the average rotational kinetic
energy of a group of clusters can be represented by the same
temperature Tk that represents the translational kinetic ener-
gy of the centers-of-mass of the clusters. Such a representa-
tion would occur if there were to be an equilibration of the
rotational DOF (degrees of freedom, or degree of freedom) to
the translational DOF. The work of Jones41 indicates that
such an equilibration can be obtained if the pressure in the
reservoir is high enough. This work is discussed further in
Section 2.5.8.
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2.5.4 Average Kinetic Energy:
The average of the kinetic energy in equation (2.5.3 #2)
is represented with the brackets [-] as follows:
N 1  2 N Nk 1 '2 N Nk rot[KE] = [SUM 2 MkVk] + [SUM SUMmkVki] + [SUM SUMNKE k i
k=1 k=1 i=1 k=2 i=1
N Nk vib N Nk k
+ [SUM SUMKEki ] + [SUM SUM SUMKE ] (2.5.4 #1)
k=2 i=1 k=1 i=1 j=1
In taking the averages above, the masses Mk and mk are con-
sidered to be constants in the summations in which they ap-
--a
pear. In the first term on the RHS the velocities Vk are also
considered to be constants since they are mean values already.
Thus the first term is the sum of the kinetic energies1 MkV
of the centers of mass of the cluster groups.
In the second term on the RHS above, the average of the
outer sum over k becomes the sum over k of the average of the
inner sum over i. The average of the inner sum over i be-
1 '2
comes, in turn, the sum over i of the averages 2mk[vki]. But
the aforementioned averages, over the ensemble of clusters,
3
are all equal to kB Tk by equation (2.3.3 #1). There are Nk
of these last named terms, one for each cluster of size k. So
the second term on the RHS above becomes the sum over k of the
3terms Nk - kB T
N Nk 1  '2 N 3 N 3[SUM SUM-mkVki] = SUMN k kB k = SUM-NkkB k (2.5.4 #2)
k=l i=l k=l k=l
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The last sum on the RHS above is to be compared with the simi-
lar sum in equation (2.3.4 #14) for the work done by the ex-
ternal forces.
2.5.5 Rotational Kinetic Energy:
The third term on the RHS of equation (2.5.4 #1) has the
average rotational kinetic energy of the centers-of-mass of
the molecules in each cluster. The average of the outer sum
is given straight-forwardly by the sum of the averages of the
second sum. Similarly, the average of the second sum is given
by the sum of the averages of the cluster rotational kinetic
energies. The third term on the RHS is then given as follows:
N Nk rot N Nk rot N rot[SUM SUM KEki = SUM SUM [KEki = SUMN KE (2.5.5 #1)
k=2 i=1 k=2 i=1 k=2
rot rot
where KE = [KE ]' (2.5.5 #2)k ki
rot
The average [KEk ] above is the same for all clusters of size
'2k, just as [vki] was the same for all clusters of size k in
equation (2.5.4 #2).
Under the conditions of equipartition of energy42 ,43 the
average rotational kinetic energy of a cluster of size k,
namely KE rot, will be divided equally in the amount kB T for
each of the three rotational DOF:
each of the three rotational DOF:
rot 3
k = BTk (2.5.5. #3)
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Substituting the relation above into equation (2.5.5 #1):
N Nk rot N 3 N3[SUM SUMKEki ] = SUMN k k Bk = SUMNkkB k (2.5.5 #4)
k=2 i=1 k=2 k=2
The relation above does not contain the monomer rotation-
al kinetic energy: it is contained in the last term in equa-
tion (2.5.4 #1), and will be extracted therefrom below. Then
if the monomers also experience equipartition of rotational
kinetic energy the monomer term can be added to the last sum
above. Then that sum will add directly to the translational
kinetic energy in equation (2.5.4 #2), and the result will ul-
timately add to the similar sum in equation (2.3.4 #14). But
equipartition of energy is valid only when classical mechanics
applies44 , and the cluster temperatures are low so that clas-
sical mechanics may not apply 4 5 . Therefore a calculation is
made in the Appendix to ensure that the application of classi-
cal mechanics is indicated.
2.5.6 Vibrational Kinetic Energy:
The (average) vibrational kinetic energy of the system is
described by the fourth term on the RHS of equation (2.5.4#1).
The vibrational kinetic energy is the kinetic energy of the
radial motion of the centers-of-mass of the cluster molecules,
measured WRT the CM of their cluster. For each molecule the
radial motion is the motion of a particle (the molecular CM)
in a bound state. The kinetic energy of the motion therefore
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consists at least of the ZPE for the bound state. The kinetic
energy is, moreover, quantized because the motion is bound.
The ZPE arises, from one point of view 46 , because of the
boundary conditions (describing a bound state) on the wave
function of the particle, and from another point of view 4 7 be-
cause of the uncertainty principle as applied to the particle.
In contrast, the lowest possible energy for the rotational mo-
tion is zero 48 . Further details of the radial motion of the
moleculer centers-of-mass are apparently not known, nor are
the quantum levels known.
Even though the details of the radial motion are not
known, the fourth term on the RHS of equation (2.5.4 #1) can
be given in an average sense just as the third term was. Thus
the fourth term is given as follows:
N Nk vib N Nk vib N vib
[SUM SUMKEki = SUM SUM [KE SUMN KE (2.5.6 #1)ki ki k kk=2 i=1 k=2 i=1 k=2
where KEvib = [KEvib (2.5.6 #2)k ki
The vibrational kinetic energy becomes a part of the unknown
internal energy of the clusters.
2.5.7 Kinetic Energy of Molecular Spin:
The last term in the kinetic energy equation (2.5.4 #1)
is the sum of the kinetic energies KEki j of motion WRT the
centers-of-mass of the molecules. The motion WRT the CM of a
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molecule is the motion of the constituent atoms WRT the CM of
the molecule. The kinetic energy of the constituent atoms of
a molecule is similar in concept to the kinetic energy of the
constituent molecules of a cluster. The kinetic energy of the
constituent atoms of a molecule consists of rotational kinetic
energy about the CM of the molecule, plus vibrational kinetic
energy of the atoms WRT the CM of the molecule. However, un-
like the case of the clusters, the structure of the molecules
is known.
Therefore, concerning the vibrational motion of the
atoms, it can be said that it is evidently not likely for the
case at hand. The reason is that there is not energy enough,
on the average, to excite the vibrational modes of atomic mo-
tion. The energy of the lowest frequency mode of the water
molecule 49 is 1595 cm-1 , or approximately 20 kJ/mol (0.2 eV).
Thus 20 kJ/mol, plus the ZPE of the mode, will be required to
excite the first vibrational level. By comparison, the ki-
netic energy corresponding to a typical reservoir temperature
of 454 K is approximately 4 kJ/mol. Thus the average kinetic
energy of molecules in the reservoir is well below the re-
quired excitation level. Furthermore, the temperature of the
molecules decreases downstream in the expansion. Thus the
probability of exciting the vibrational modes of the molec-
ules is low, and so it will be ignored here.
76
CHAPTER 2, SECTION 2.5.7
The kinetic energy of the constituent atoms of a molecule
WRT the CM of the molecule, if there is any such energy at
all, will thus be rotational kinetic energy. The rotational
motion of the atoms about the CM of the molecule constitutes a
spinning motion of the molecule about its CM. The possibility
appears to exist here, but the probability is difficult to as-
sess, except for the monomers. For one thing, the constraints
on the DOF of the spinning motion are not known because the
structure of the cluster containing the molecule is not known.
For another thing, the number of collisions necessary to es-
tablish equilibration between the spin DOF and the rotational
and translational DOF (of the cluster centers-of-mass) is also
not known. So it is not known if energy would be likely to be
equipartitioned among the spin DOF, nor is it known how many
DOF there are available. Therefore, except for the monomers,
the kinetic energy of molecular spin is an unknown, and the
last term in the kinetic energy equation (2.5.4 #1) joins the
fourth term in representing the unknown internal energy of the
clusters.
The aforementioned last term can be resolved into parts.
The resolution into parts will introduce a symbol, KEspin, for
the kinetic energy of molecular spin of the (k) molecules in a
cluster of size k. The summation over the sizes will be di-
vided into a monomer term and the summation over the clusters
beginning at size two. The resolution is as follows:
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N Nk k N Nk k
[SUM SUM SUMKEki ] = SUM SUM [SUM KEkij]
k=1 i=l1 j=1 k=1 i=1 j=1
N Nk spin
= SUM SUM KEs
k=1 i=1
N spin
SUM NkKEspin
k=1
spin N
N 1KEspin + SUMN kKEspin (2.5.7 #1)
k=2
k
where [SUMKE =KEspin (2.5.7 #2)
j=1 ij
Equation (2.5.7 #2) defines KEspin as the average of the ki-
netic energy of molecular spin for the molecules in a cluster
of size k. The sum on the RHS of the last line of equation
(2.5.7 #1) above will become another part, along with the vi-
brational kinetic energy in equation (2.5.6 #1), of the un-
known internal energy of the clusters. The other term in the
last line above (the monomer term) will be added to the sum-
mation of the rotational kinetic energy on the RHS of equation
(2.5.5 #1), so that the summation will then begin at clusters
of size one instead of at clusters of size two.
2.5.8 Kinetic Energy Equation:
Equation (2.5.4 #1) for the (average of the) kinetic en-
ergy becomes, with the substitution of equations (2.5.4 #2),
(2.5.5 #1), (2.5.6 #1), and (2.5.7 #1) for the second, third,
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fourth, and last terms, respectively, on the RHS:
N N NN 1 2 N 3 N rot[KE] = SUM2MkVk + SUMNkkB k + SUMNkKEk
k=1 k=1 k=2
N vib spin N spin
+ SUMNkKE k + (N1KEpn+ SUM N kKEsPin
k=2 k=2
N 1 2  N 3 N rot
= SUMMkV k+ S 2UMNkkB Tk + SUMNk KEk=1 k=1 k=1
Nvib spin
+ SUMN k(KE + KEspin ) (2.5.8 #1)
k=2
where KEspin = KErot (2.5.8 #2)
1  1
In the second line above for equation (2.5.8 #1) the relation
(2.5.8 #2) has been added to the summation of the rotational
rotkinetic energy terms NKErot in the third term on the RHS.
Under the condition that the rotational DOF and the
translational DOF have equilibrated, as mentioned in Section
2.5.3, the same temperature Tk represents both the rotational
and the translational kinetic energy. The relation is given
in equation (2.5.5 #4), which can now be extended to include
monomers (k=l) as well as clusters of two molecules and more.
Then the second and third summations in the second line of
equation (2.5.8 #1) add directly, and the kinetic energy equa-
tion becomes:
N N NN 1 2 N N vib spin[KE]= SUM MkV + SUM 3 N k + SUMNk(KE + KEspin) (2.5.8 #3)
k=1 k=1 k k=2
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There does exist equilibration between the rotational DOF
and the translational DOF in the reservoir. In the reservoir
there is no average velocity in any direction, so that the
first term on the RHS in equation (2.5.8 #3) is zero. Also,
since there is no appreciable clustering in the reservoir,
only the monomer term exists in the second term on the RHS,
and the third term vanishes. All that exists on the RHS then
is the term 3 NTkBTo, with NT being the number of monomers in
VOLa , and To being the reservoir temperature: this is the ki-
netic energy of the part of the system being considered that
is in VOLa in the reservoir. The kinetic energy of the system
when it is in configuration a is then the kinetic energy in
VOL a , as just given, plus the kinetic energy in VOLc, which
will be left uncalculated because it will cancel out. The ki-
netic energy [KEa] of the system when it is in configuration a
is then:
[KEa] = 3 NTkBTo + [KEc] (2.5.8 #4)
where [KEc] = average kinetic energy of the part of the
system in control volume VOL
c
If the rotational DOF of the clusters are not equilibra-
ted with the translational DOF of the clusters, then the down-
stream kinetic energy in VOLb will be given by equation
(2.5.8 #1). In this case the kinetic energy of the rotational
DOF of the clusters is unknown, and it becomes part of the un-
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known internal energy of the clusters.
However, the experimental data of Jones 50 indicate that
that by increasing the reservoir pressure sufficiently, rota-
tional-translational equilibration as discussed above can be
achieved. Jones observed that the rotational DOF were appar-
ently not relaxing fast enough to deliver energy into the
translational DOF: the downstream translational temperature
seemed to be too low. Increasing the reservoir pressure
brought about an increase in the downstream translational tem-
perature. The idea was that the higher reservoir pressure
produced a higher density of clusters, thereby increasing the
number of collisions: the increased number of collisions
transferred some of the energy stored in the rotational DOF
into the translational DOF, thereby raising the translational
temperature. Equilibration was achieved, it was judged, when
further increases in reservoir pressure did not increase the
downstream translational temperature. Jones mentions that
other workers (e.g., Hagena5 1) have made similar observations.
The temperature to which the rotational DOF became equil-
ibrated was apparently the cluster temperature Tk as defined
in equation (2.3.3 #1). However, the separate existence of
the two temperatures Tk and Tk (Tk is defined in equation
(2.3.2 #9) ), and the relation between the two temperatures
given in equation (2.3.3 #10), has apparently not been dis-
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cussed heretofore. Therefore it cannot be said with certainty
I5
which cluster temperature, Tk or Tk , it was that came to rep-
resent the rotational DOF of the clusters. In what follows
here it will be assumed that the rotational DOF of the clus-
ters became equilibrated to the translational DOF as represen-
ted by the cluster temperature Tk. However, it will be neces-
sary to check this assumption in any future work using the en-
ergy equation. A way to accomplish this check is discussed in
Section 3.1.
Thus by maintaining the reservoir pressure above a cer-
tain level, the rotational kinetic energy of the clusters be-
comes known: it is represented by the cluster temperature Tk.
With the condition of downstream equilibration of the rota-
tional DOF and the translational DOF of the clusters, the ki-
netic energy of the part of the system in VOLb is given by
equation (2.5.8 #3). The kinetic energy of the system when it
is in configuration b is then the kinetic energy in VOL b , as
just given, plus the kinetic energy in VOL . The kinetic en-
ergy of the system when it is in configuration b is then:
N1 2 N N vib spin[KEb] = SUM2 MV + SUM3 Nkk T+ SUM N (KE +KE )+
k=l k=l k=2
+ [KEc] (2.5.8 #5)
The increase in the kinetic energy of the system is given
by subtracting the kinetic energy of the system when it is in
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configuration a from the kinetic energy of the system when it
is in configuration b. The increase in kinetic energy is thus
given by subtracting equation (2.5.8 #4) from equation
(2.5.8 #5):
N N N1  2  N vib spin[KEb] - [KEa] = SUM MkV + SUM 3 NkkBTk + SUM Nk (KEvib + KEin
k=1 k=1 k=2
-
3 NTkBT (2.5.8 #6)
The kinetic energy in VOL c , namely [KEc ], has cancelled out.
The increase in kinetic energy given above will be equated to
the work done by the external forces and the internal forces
as given in equations (2.3.4 #14) and (2.4 #3).
2.6 Complete Energy Equation:
2.6.1 Energy Equation Assembled:
The work done by the forces that move the system from
configuration a to configuration b is equal to the increase in
the kinetic energy of the system. The equality is expressed
by equation (2.2 #2). Substituting equations (2.3.4 #14),
(2.4 #3), and (2.5.8 #6) for the work done by the external
forces, the work done by the internal forces, and the increase
in kinetic energy, respectively, into equation (2.2 #2) gives
the energy equation as:
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N 1 N b a(NTkB T) - (SUMN k SUM M kV k MV) - SUMNk §k =
k=1 k=1 k=2
1N 2  N N vib spin
= SUM MkV + 3 SUM NkkB Tk + SUM N (KE + KEs2 k=1k k=1 k=2  k k
- 3NTkBTo (2.6.1 #1)
The LHS in the equation above consists of the work done
by the forces moving the system being considered. The first
two terms (in parentheses) on the LHS are the work done by the
external forces, and the third term is the work done by the
internal forces. The RHS consists of the increase in the ki-
netic energy of the system. The factor of 3 in front of the
second sum on the RHS comes from the assumption that the rota-
tional DOF of the clusters have equilibrated with the trans-
lational DOF such that the kinetic energy can be represented
by the cluster temperature Tk in both cases. The evidence
that such equilibration occurs cannot be ignored. But in view
of the uncertainties discussed in Section 2.5.8, alternate
forms of the energy equation will also be developed below.
Inspection of the energy equation above shows two things
of immediate interest. If the last term on the RHS is trans-
posed and added to the first term on the LHS, the sum is the
reservoir enthalpy. Also, the last term on the LHS and the
third term on the RHS are both summed beginning with two-mo-
lecule clusters, so these terms may be combined; these terms
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comprise the internal energy of the clusters. Transposing the
other terms on the LHS, and performing the aforementioned ad-
ditions gives:
N N N
4 NTkB o =6 SUMMkV k + k BTk + SUM NkEk (2.6.1 #2)
k=1 k=1 k=2
vib spin b a
where Ek = (KEvi +KE spin) + (- k)  (2.6.1 #3)
The quantity Ek is the internal energy of a cluster of
size k. The internal energy Ek is thus the sum of the kinetic
energy (KEib + KE spin) of internal vibrational motion and
b a
spinning motion, and the potential energy (§k- k) from the
work done by the internal forces. The potential energy is
measured WRT the potential § a of the cluster molecules whenk
they are not bound at all. The potential §k could be set to
b a)
zero since it is only the difference in potential, (§-b §k'k k
that has appeared. However, ka will be retained at its arbi-
trary value in order to keep clear the manner in which it
serves as a reference level for the potential energy.
The internal energy could be specified on a per-molecule
1 vibbasis. The kinetic energy could be written as k(-KEv +k k
+iKEspin), where the quantity in the parentheses is the
(arithmetic) mean kinetic energy per cluster molecule. The
potential energy could also be put on a per-molecule basis by
multiplying and dividing by the number k of molecules. But
the form given in equation (2.6.1 #3) above will be used here.
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The cluster internal energy is discussed further in Section
2.7.
2.6.2 Two-Temperature Energy Equation:
5 1The factors of - and - in the parentheses on the RHS of6 3
equation (2.6.1 #2) come from the use of the temperature Tk in
the equation for the work done by the external forces. Using
the temperature Tk in the equation for the work done by the
external forces gives a simpler expression. Substituting
equation (2.3.4 #15), instead of equation (2.3.4 #14), into
equation 2.2 #2) gives, instead of equation (2.6.1 #1) the
simpler expression:
N N
(NTkBTo ) - (SUMNkkBT -k=SUMNk(§k - §kk=1 k=2
N N N1 2 N N vib spin
- SUMMkV k+ 3 SUMNkkBTk + SUMN k (KEk  + KE k
k=1 k=1 k=2
- 3NT kB To (2.6.2 #1)
In consequence, instead of equation (2.6.1 #2), the ener-
gy equation becomes:
N N N
4NTkBTk = SUMMkVk+ 3 SUMNkkBTk + SUMNkkB +
k=1 k=1 k=1
N
+ SUMNkEk  (2.6.2 #2)
k=2
The second and third terms on the RHS above could be combined
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into one term for the downstream enthalpy if the two tempera-
tures were the same, but in general they are not. The energy
equation (2.6.1 #2) can be recovered by substituting for the
quantity NkkBTk , in the third term above, from equation
(2.3.3 #13), with the help of equation (2.3.4 #10) relating
the velocities. The two-temperature energy equation in
(2.6.2 #2) shows that the complexity in the kinetic energy
terms of equation (2.6.1 #2) is due to using the temperature
Tk . The two-temperature equation also shows that if there
were only one temperature, and if there were no cluster inter-
nal energy, the equation would have the ordinary form that
would be expected.
2.6.3 Conventional Temperature Energy Equation:
The temperature Tk satisfies the gas law with the conven-
If
tionally defined partial pressure Pk in equation (2.3.2 #8):
I1
Tk will thus be called the conventional cluster temperature.
The energy equation can be expressed in terms of the conven-
tional cluster temperature by substituting equations
(2.3.3 #13) and (2.3.4 #10) into equation (2.6.2 #2), thereby
replacing Tk by Tk:
2 1 N 2 N
4N kT = (MV- SUMMkV k) + 4 SUMN kkBTk + SUM N Ek  (2.6.3 #1)
k=1 k=1 k=2
The energy equation above, expressed in terms of Tk , is not
much simpler than equation (2.6.1 #2). Moreover, the tempera-
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ture Tk is more complicated to determine than is the tempera-
ture Tk .
2.6.4 Energy Equation for No Clustering:
A partial check on the energy equation (2.6.1 #2) can be
obtained by specializing it to the case for no clustering. If
there is no clustering, then the last term on the RHS vani-
shes, and the summations that remain have only the monomer
term. The result is the energy equation for no clustering:
4NkBT - V2  1 24N B = MV 1 - MV ) + 4 N1kBT 1  (2.6.4 #1)
But from equation (2.3.4 #5) the total number NT of molecules
in VOL is now the same as the number N1 of the monomers in
VOL b since there are no clusters. The total mass M is now the
same as the mass M1 of monomers downstream, as shown by equa-
tion (2.3.4 #9). And equation (2.3.4 #13) shows that the ve-
locity 1of the system CM in VOLb is now the same as the ve-
locity V1 of the monomers downstream. Therefore the energy
equation for no clustering becomes:
1 24 NkBT = iM1V 1 + 4 NkB T (2.6.4 #2)
The energy equation for no clustering thus shows, as it
should, the conversion of enthalpy in the reservoir into ki-
netic energy downstream, plus the residual downstream enthal-
py.
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2.6.5 Normalization of the Energy Equation:
The energy equation (2.6.1 #2) can be cast into a form
where the relative cluster populations Nkappear, rather thanN1
the populations themselves. The process is essentially one of
normalizing by dividing the energy equation through by the
number N1 of monomers downstream in VOL b . Substituting for
the total number NT of molecules in VOL a (or VOLb) from equa-
tion (2.3.4 #5), substituting for the mass Mk of cluster group
k in VOLb from equations (2.3.2 #5) and (2.3.2 #6), and sub-
stituting for the mass M in VOLa (or VOLb) from equation
(2.3.4 #9) into the energy equation (2.6.1 #2) gives the ener-
gy equation as:
N 5 N 2 1 N 24 (SUM k Nk)kB = SUM (Nkk ml) - (SUM Nkkml)V 2 )
k=1 k=1 k=1
N N
+ 4 SUMNN k + SUMNkEk  (2.6.5 #1)
k=1 k=2
Then dividing through by the number N1 of monomers re-
places the populations of the clusters by the relative popula-
tions of the clusters. The monomer mass mi can be brought out
in front of the first two summations on the RHS above. The
energy equation above then becomes:
N N N
4 (SUM k k)k T m SUM k V ml(SUMk k)V 2k=1 N Bo 6 1 N k k= N1k=1 k=1 k=1 N1
N N
+ 4 kk T + SUM EkEk=1Nl kB Tk + SUMk=2N1 Ek (2.6.5 #2)
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Solving the energy equation for the cluster internal en-
ergies Ek gives:
N N N
SUM kEk = 4 (SUMk )k T - 4 SUM k kT
k=l N 1  N1Bo k= 
N 1 B k
N N
6 1 K k 1 N1mlk=IU N k- V m l (SUM kk=l Nik)V ) (2.6.5 #3)
It was said in Section 1.3 that the sum of the internal
energies of the clusters is given by the difference between
the reservoir enthalpy and the sum of the downstream enthalpy
and the main kinetic energy: that is what equation (2.6.5 #3)
shows. The LHS is the sum of the cluster internal energies as
weighted by their relative populations Hk The first term onN1
the RHS is the reservoir enthalpy as normalized by the number
N1 of monomers in VOLb . The second term on the RHS is the
downstream enthalpy, and the third term on the RHS (everything
enclosed by the outer parentheses) is the downstream main ki-
netic energy, both second and third terms being also normal-
ized by N1.
2.6.6 Rotational-Translational Non-Equilibration:
If downstream equilibration between the rotational DOF
and the translational DOF of the clusters does not occur, then
the kinetic energy in VOLb is given by equation (2.5.8 #1).
Equating the work done by the forces moving the system to the
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increase in kinetic energy then gives in place of equation
(2.6.1 #1):
(NTkB To)
N
- (SUM NkkBTk
k=1
N
1 N 2S SUM MkV +
k=1
1
3
N
SUM NkkB Tk
k=1
N 2 1SUM MkV - M
k=1
N 
.rot
+ SUM N KErot
k=1
NN b2) 
- SUM Nk ( § kk=2
N
+ SUM
k=2
Nk(KEvib+
- 3N TkB T (2.6.6 #1)
The average rotational kinetic energy of the clusters about
their individual centers-of-mass appears explicitly
third term on the RHS above.
Combining terms, in place of equation (2.6.1 #2)
ergy equation becomes:
N
= ( SUM MkV kk=1
1 2 5 N
- MV ) + SUM N k T
k=1
NN rot
+ SUM NkKE +
k=1
+ SUM NkEk
k=2
(2.6.6 #2)
Substituting as before for NT from equation
from equations (2.3.2 #5) and
(2.3.4 #9),
(2.3.4 #5), for Mk
(2.3.2 #6), for M from equation
and dividing through by the number N1 gives:
N
4 (SUM k N k)k T =
k=1 N1 B o
N5
m SUM6 k=1k=1 k 
N k V2
N1 k
1 N(SUM k Nk)V2 )
k=l N1
+ SUM Nk k Tkk=l N 1 B
N
+ SUM k KErot
k=l N1 k
N
+ SUM
k=2
NEkE
N1 k
(2.6.6 #3)
KEspink
in the
4 NTkB T
the en-
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Solving equation (2.6.6 #3) for the cluster internal en-
ergies Ek :
N N N N
SUM Ek = 4 (SUM k )k T 5SUM kk Tk  SUM lk KErotk=2 N1 ki Bo 2 = N1 Bk k N1 kk=2 k=l N1 k=1 k=l
N N
(m SUMk' V - ml ( SUMk k)V 2 ) (2.6.6 #4)6 k=1 N1 k k=1 N1
Equation (2.6.5 #3) is recovered immediately upon substituting
equation (2.5.5 #3) into the third term on the RHS above.
The rotational kinetic energies of the clusters, given by
the third term on the RHS above, can be included in the un-
known internal energies of the clusters by separating the mon-
omer term from the rest of the summation. The rest of the
summation is then transposed to the LHS and combined with the
summation there. The result is:
N N N rot
SUM k  = 4 (SUM k k)k T o  S UM kk T -KEo t
k2 N1 k N1  Bo 2 kMlN1 B k 1k=2 k=1 k=1
N N
- (mI SUMkNkV 2 - m (SUM kk)V2 ) (2.6.6 #5)6 1k=1 N1 k 3 1  N1
where 6k = Ek + KErot (2.6.6 #6)k k
The quantity ek above is the cluster internal energy as de-
fined in equation (2.6.1 #3), plus the kinetic energy of the
cluster rotational DOF about the cluster CM.
The equation above can be simplified somewhat by making
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the assumption that at least the monomer rotational and trans-
lational DOF are equilibrated downstream. Then the third term
3
on the RHS above will be equal to 2kBT1; the third term is
then not unknown. Combining the aforementioned relation with
the monomer term in the second summation on the RHS, and sep-
arating the monomer term from the first summation on the RHS
then gives:
N N N
SUM~6 = 4k (T -T ) + 4 (SUM k k)k T o SUMt!k T
k=2 N1 k B 1N1 k=2 No 1 B k  k=2 k=2
N N
- (m SUMk k -V (SUM k N )k= 1 1 N k 1 k=1 N1
(2.6.6 #7)
A further simplification can be effected by making yet
another assumption. The assumption to be made is that the ki-
netic energy of the cluster rotational DOF can be represented
downstream by the monomer temperature. This assumption is ex-
pressed as:
rot 3
:k = 2 BTI (2.6.6 #8)
Substituting the above expression into equation (2.6.6 #6) and
then solving equation (2.6.6 #7) for the cluster internal en-
ergies Ek gives:
N N
SUM k = - ( kBT)(SUMH k)N  + (RHS of equation (2.6.6 #9)
k=21 k 2 B 1k= 2 N 2.6.6 #7)
The purpose in searching for such equilibration is to make the
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cluster rotational kinetic energy a part of the known quanti-
ties.
2.6.7 Comparison with the Equation of Dreyfuss:
The energy equation (2.6.5 #3) for the cluster internal
energies is similar to an equation given by Dreyfuss5 2 . The
energy equation by Dreyfuss is not in a form where the rela-
tive cluster populations appear, but is easily made so by nor-
malization. There are two main differences between equation
(2.6.5 #3) and the equation of Dreyfuss. One difference is
that equation (2.6.5 #3) explicitly contains the different
mean velocities Vk of the various sizes of the clusters,
whereas in the equation of Dreyfuss the Vk are regarded as es-
sentially the same. It is on account of the different V that
the cluster temperature Tk differs from the conventional tem-
perature Tk , as shown by equations (2.3.3 #10) and (2.3.3 #5).
The second difference is that in equation (2.6.5 #3) the ro-
tational DOF and the translational DOF are regarded as equili-
brated, whereas in the equation of Dreyfuss the kinetic energy
of the rotational DOF is part of the unknown internal energy
of the clusters. As mentioned in the last section, the point
in seeking the aforementioned equilibration is so that the ki-
netic energy of the rotational DOF will not be unknown. Then
the internal energy of the clusters is simpler.
The equation of Dreyfuss seems not to have included the
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downstream work done by the system. There is no term in the
equation having the product of the downstream pressure and
volume which would give the downstream work done by the sys-
tem.
2.6.8 Restriction to Axial Velocity Measurements:
The velocities in the energy equation (2.6.5 #3), both
explicit and implicit (in the temperatures), are complete in
all of their three components. No restrictions have been
placed on the velocities except to note that the clusters gen-
erally move from the reservoir to the instruments downstream.
In particular the thermal velocities vi ', that define (by the
average of their squares) the cluster temperature, have three
components. The vki are given by the difference between the
cluster velocities vki" measured WRT the laboratory frame, and
the mean velocities Vk of the v ki; the relation is given in
equation (2.3.3 #2). Given the random nature of cluster mo-
tion in general, the vki can in general have components normal
to the axis of the jet as well as along the axis of the jet.
However, it is only the axial component of any particular v•k
that is measured. Moreover, because of the symmetry of the
cluster motion about the axis of the jet (which is how the ax-
is is located), the mean value Vk of the vki has only an axial
component. Thus the precise role of the measurements in eval-
uating the energy equation must be examined: the measure-
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ments deal with only one of the three components of the veloc-
ities.
The cluster temperature has been defined by way of the
1 '2
equipartition theorem. The (thermal) kinetic energy 1 mk[v k 1
in equation (2.3.3 #1) has been partitioned equally among the
three translational DOF of the centers-of-mass of the clusters
(of size k): that is the reason for the factor of three on
the LHS. In other words, the kinetic energy of motion in each
of the three DOF is represented by the energy kB Tk . Then,
designating the axial component of the cluster velocity by the
subscript a, the temperature Tk can be described in terms of
the variance about the mean of the axial component as follows:
1  1 '2 1 2 2
kB k = mk[Vkia = mk([vki a -V k )  (2.6.8 #1)
The last expression on the RHS comes from equation (2.3.3 #2).
There are two similar expressions for the other two DOF
in the radial directions, except that the mean velocities for
the radial DOF are zero. The mean velocity in any radial di-
rection is zero for any of the vki that are actually measured
since otherwise the cluster i would never end up on the axis,
which is where the instruments are.
Equation (2.6.8 #1) is the expression that will actually
now define the cluster temperature Tk because the expression
shows how the temperature is actually calculated: a number of
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axial cluster velocities vkia are measured, their mean value
Vk is computed, and then their variance about the mean is com-
puted and inserted into the RHS. Then, since the cluster
masses mk are known (they are all given by kml), the cluster
temperature Tk can be calculated. The cluster mass as meas-
ured in a mass spectrometer is not exactly the cluster mass mk
because the measurement requires the cluster to be ionized:
the mass mk is deduced from the measurement. It is the mass
1 '2
mk that has the kinetic energy 2mk[ki].
It was an assumption in Section 2.5.8 that the equiparti-
tion theorem applied to the rotational DOF of the molecules in
a cluster about the cluster CM. It is likewise an assumption
that the equipartition theorem applies to the translational
DOF of the cluster centers-of-mass WRT the group CM. Radial
as well as axial temperatures have been reported53 for molecu-
lar beams. However, the system being considered is not the
whole jet where the equipartion theorem may not apply to par-
ticles far from the axis. The system being considered con-
sists of particles in the neighborhood of the axis where
greater homogeneity can be expected. That is why the assump-
tion is made that the equipartition theorem applies to the
system being considered.
Since the mean velocities Vk have only an axial component
in each case, the velocity lin equation (2.3.4 #13) has only
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an axial component. The CM of the system in VOLb moves along
the axis of the jet. Thus the internal energies Ek of the
clusters are given by the normalized energy equation
(2.6.5 #3), together with equations (2.6.8 #1) for the cluster
temperature Tk and (2.3.4 #13) for the CM velocity V. The
quantities that are actually measured are the cluster popula-
tions Nk , the cluster axial velocities vkia , the cluster
masses mk , and the reservoir temperature To and pressure P .
2.7 Cluster Internal Energy:
The cluster internal energy Ek has been defined as the
sum of the kinetic energy of vibrational motion, the kinetic
energy of spinning motion, and the change in potential of the
cluster molecules. The vibrational motion is the radial mo-
tion of the centers-of-mass of the cluster molecules WRT the
CM of the cluster. The spinning motion is the rotation of the
individual molecules about their own CM. The change in poten-
tial is the potential of the molecules when they are bound in
a cluster, minus the potential of the molecules when they are
not bound at all. Equation (2.6.1 #3) is the defining rela-
tion for Ek . The change in potential is given in equation
(:2.4 #2).
The general nature of the cluster internal energy is that
of a potential well which contains at least the ZPE of the
bound molecules. There is a potential well because at least
CHAPTER 2, SECTION 2.7
some energy must be supplied to the molecules of a cluster to
unbind them. Otherwise the molecules would not be bound to-
gether into the unit that is measured as a cluster in a mass
spectrometer. Since there is a potential well, the potential
b§ k of the molecules when they are bound together is lower than
the potential § ak of the molecules when they are not bound at
b
all. The potential §k varies with the separation between the
molecules of the cluster.
The general nature of the potential well is sketched in
Figure 2.3 for a cluster of size k. The figure shows the var-
iation of the potential energy (§ - gk) with the separation
between the molecules. The variation of the potential energy
between two molecules has the appearance shown in the figure.
The variation of the potential energy for two molecules is
generalized in the figure to the case of k molecules. The or-
dinate is the total potential energy (§-b §) for the k molec-
ules in the cluster. The abscissa is the total separation be-
tween all of the pairs of molecules. The separation between
two molecules is here the separation between their centers-of-
mass. As mentioned in Section 2.6.1, it is possible to con-
sider the cluster internal energy on a per-molecule basis.
Then the abscissa in Figure 2.3 would be the average separa-
tion between the molecules in the cluster. The minimum of the
potential § relative to § a which is the bottom of the poten-tial ell, occurs for the most stable value of the separation
tial well, occurs for the most stable value of the separation
CHAPTER 2, SECTION 2.7
between the molecules.
The kinetic energy is superposed on the potential energy.
In particular, the average kinetic energy is superposed on the
average potential energy, and the average potential energy is
at the bottom of the potential well. The internal energy Ek
of the cluster is then given by the superposition of the ki-
b a
netic energy on the potential k', with the potential §k serv-
ing as the reference level as shown in Figure 2.3. With the
reference level set to zero, the potential §k is then nega-
tive, and the internal energy Ek is less negative by the
amount of the kinetic energy. In general, Ek is negative WRT
a
k"
The amount of energy that must be supplied to the mole-
cules in order to unbind them is the amount of energy between
the level of Ek and the reference level Ok: if the energy of
the molecules is raised to the reference level §a the mole-
cules will then not be bound at all. The maximum amount of
energy required to unbind the molecules is the amount of ener-
gy between the level of the ZPE and the reference level §a be-
cause the ZPE is the lowest amount of kinetic energy the mo-
lecular centers-of-mass can have in their bound state. The
amount of energy between the ZPE and the reference level is
conventionally 54 termed the binding energy. The most negative
value of the internal energy Ek that is possible then has the
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magnitude of the binding energy. In general, the magnitude of
the internal energy Ek , measured WRT §k' is the energy that is
required to unbind the molecules from their cluster.
Calculating the cluster internal energy Ek then amounts
to a calculation of the energy needed to unbind all k mole-
cules in the cluster. It is not possible to say that the re-
sult so obtained is the maximum energy needed to unbind the
molecules; i.e., the binding energy of the cluster. The rea-
son is that the amount of energy in the internal modes of vi-
bration and spin is not known.
It is of interest to solve the energy equation (2.6.5 #3)
for the kinetic energy instead of the cluster internal energy.
"Solve" here means to put the (main) kinetic energy on the LHS
and everything else on the RHS. The kinetic energy is given
by:
N N N N
( k= SUMkN k V2 mi (SUM kk)V 2 ) = 4 (SUM k )kT o - 4 SUM kk T6 1 k=1 1  k-i N1  k=1 N1  Bo k=N1 B k
=1 k=1 k=lN1 k=l1
N
+ SUM k (-Ek) (2.7 #1)
k=2 N1
The last term on the RHS above is positive because the inter-
nal energy Ek is negative. Therefore the last term on the RHS
adds to the kinetic energy so as to make it larger than it
otherwise would be. That is why it is of interest to solve
for the kinetic energy. The additional kinetic energy is the
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energy that must be carried away from the molecules forming
clusters in order to ensure that the molecules fall into a po-
tential well and stay there (i.e., they fall into a bound
state). Thus even though the energy equation contains none of
the details of the clustering process, the energy that is in-
volved is brought into account. Most of the additional kinet-
ic energy will be found among the monomers, as is expressed on
the LHS by the relatively small sizes of the cluster popula-
tions lk for clusters of two or more molecules. That theN1
relative cluster populations are small is an experimental re-
sult, not a theoretical prediction.
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CALCULATION OF THE CLUSTER INTERNAL ENERGY
3.1 Solution of the Energy Equation:
The solution of the cluster internal energy equation de-
pends on the number of unknown energies Ek for which a solu-
tion is desired. The number of unknown energies for which a
solution is desired is also the number of equations that is
required. The equations must be independent in order to ef-
fect a solution. Independent equations can be obtained, at
least in principle, by performing independent experiments,
thereby obtaining independent values for the parameters in the
energy equation. The parameters are, as shown in equation
(2.6.5 #3), the relative populations k, the reservoir temper-N1'
ature To , the cluster temperatures Tk, and the cluster mean
velocities Vk . The velocity V in equation (2.6.5 #3) is given
in terms of the Vk in equation (2.3.4 #13), and so V is not a
parameter. The cluster temperature Tk and the mean velocities
Vk are determined from the distributions of the cluster axial
velocities vkia; it is the vkia that are actually measured.
Thus the solution for a number of unknown cluster internal en-
ergies requires a like number of independent experiments.
The aforementioned experiments must not only be indepen-
dent: they must also have in each case a reservoir pressure
that is at or above a certain necessary level. The level is
the pressure that is necessary to ensure the equilibration of
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the rotational DOF and the translational DOF of the clusters,
as discussed in Sections 2.5.5 and 2.5.8. It is the cluster
temperature Tk that is to represent both DOF. The controls
that are available to the experimenter are the reservoir tem-
perature and the reservoir pressure, and the reservoir pres-
sure is constrained to be no lower than the limit cited above.
The limit is determined experimentally.
Following the lead of Jones, as discussed in Section
2.5.8, the reservoir pressure can be increased until the down-
stream cluster temperatures Tk no longer increase with in-
creasing pressure. It will be necessary to observe the tem-
perature of each cluster size for which the internal energy Ek
is to be computed, so that the desired rotational-translation-
al equilibration occurs. It is by way of the aforementioned
equilibration that the kinetic energy of the rotational DOF
becomes known. This is the meaning of the term "equilibra-
tion" as it is used here: that the kinetic energy of one set
of DOF (e.g., the cluster rotational DOF) can be represented
by the same "temperature" that represents the kinetic energy
of another set of DOF (e.g., the cluster translational DOF).
The desired equilibration may not occur for all of the cluster
sizes of interest. Then the internal energy of those cluster
sizes cannot be calculated by the method given here, and their
internal energy becomes a part of the unknown remainder dis-
cussed below and given in equation (3.1 #5).
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By changing the reservoir temperature and pressure the
experimenter changes the parameters mentioned above in the en-
ergy equation, thereby obtaining a system of equations that
are linear in the unknown energies Ek . Capable strategies are
available 55 ,56 for the solution of a system of equations that
are linear in the unknown quantities. However, implicit in
the solution of the system of equations is the assumption that
it is the parameters that change from equation to equation,
and not the unknown quantities. In other words, it is the co-
efficients of the unknowns, and not the unknowns themselves,
that are different in different equations. Thus, for the case
at hand, the unknown internal energies Ek are to be the same
under different reservoir temperatures and pressures, while
the relative populations and velocity distributions are to
change.
But the clusters here are loosely bound. They may be
amorphous. Therefore the clusters of a certain size may not
have a definite structure, and thus the clusters may not have
a definite internal energy that does not change as reservoir
temperature and pressure change. Even if the clusters do ac-
quire a definite structure, their internal energy may still
change with changing reservoir temperature and pressure be-
cause the energy of the internal modes of vibration and spin
may thereby change. The internal energies Ek of clusters of
size k that would be found, then, by the solution of the sys-
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tem of equations as outlined above would be average energies:
the average would be over the number of equations in the sys-
tem. The average of the cluster internal energies Ek thus
found would be over-and-above the averaging that has already
been applied in the developement of the energy equation.
If there are more unknown cluster internal energies than
there are equations, then the system of equations cannot be
solved exactly. For the case at hand, however, the relative
populations of the clusters have been observed to fall off
rapidly with cluster size. This observation leads to the pos-
sibility of approximate solutions when the number of equations
is insufficient for exact solutions. The most obvious approx-
N
imation is to truncate the summation SUMHkE at the number N
k=2 N 1 k
of terms that equals the number of equations. The summations
on the RHS of the energy equation (2.6.5 #3) are similarly
truncated at the same upper limit N. Thus the internal ener-
gies for clusters of any size larger than N are ignored. The
reason that this approximation will work is that the relative
populations fall off sufficiently rapidly that the quantities
that are ignored would not contribute much anyway to either
size of the energy equation.
A better but more involved approximation is to save the
remainder of the sums, rather than discarding the remainder,
and use an approximation for the remainder as a correction
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to the aforementioned truncation. Thus the energy equation
(2.6.5 #3) can be written with the summations divided into two
parts as follows:
N N
SUMkE + SUM-
k= 2 N1 k k=N+1
NkEN1 k
N
=4 (SUM kE k E +
k=l N1 k
N
SUM k k)k T
k=N+1 N1 B 0
N
- 4 (SUM -kk T
k=l N1 Bk
5
6 1 SUMk=1
k 2
N1 k
N
+ SUM
k=N+1
k k T
N1 B k
+ -m SUM k _k V6 1 k=N+ N1 k
1 11 N
-1m (SUM k-k31 k= N1k=1
N
SUM k k) (V-
k=N+1 N1 N
+V )2)
N
(SUM k Nk Vk
k=1 N1 k
N
)/(SUM k Nk)
k=1 1
V - = V - V (3.1 #3)
Solving for the N cluster internal energies,
the summations to N and N separately gives:
and grouping
N
SUM Hk EN
k=1 N1 k
N
= 4 (SUM
k=1
k Nk)k TN1 B 0
N
- 4 SUM 1 kBT k
k=lN1 B
N5
m SUM
k=l
k Nk V2N1 k
1
3
N 2
m (SUM k k )V2 ) +REMk=l N1 N
(3.1 #4)
where REM is an abbreviation for "remainder".
The remainder REM consists of all of the terms left over from
truncating the summations at the number .
(3.1 #1)
where V-N
N+1
(3.1 #2)
IV C)
 TI~
REM is given by:
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N N N
REM = SUM lk(-E) +4 ( SUMk k)k BTo -4 SUM lkk T
k=N+1N1 k=N+1 N1  k=N+lN1 B
N N N
- (I SUM k V NJ  3 m ( SUMk k)V ) m(SUM k6 1 k=N+ k k=N+ N1 N+1 3 1 N1 N+1+ =1k=1
N N
+ SUMk ikV+ (SUMkIk)(2V V. ) ) (3.1 #5)
k=+1 N 1 N k= N1  N N+1
The next step in the approximation is to notice that if the
cluster sizes started at N+1 the first four terms on the RHS
of the REM would give zero (the fourth term has two summations
enclosed in the parentheses). That is to say, if the clusters
started at size N+1 then the sum of the cluster internal ener-
gies Ek , which would be the negative of the first sum on the
RHS, would be given by the next three terms on the RHS. The
approximation, then, is to assume that the first four terms do
add to zero so that the REM is given approximately by the
terms in the last parentheses:
1 N
3 1 N +1 Nk NREM =m 1 (SUMk N VS kk=1 1  k=N+1 Nk N
+ (SUM k)(2 V ) ) (3.1 #6)+k=l N1 N N+1
The approximation above for the REM is seen to be inherently
positive, and to contain terms that couple the two size ranges
(1 to N, and R+1 to N) of the clusters by way of the CM ve-
locities (V- and V~+ ). The approximation then is to computeN N+1
equation (2.6.5 *3) as if the cluster size stopped at N_ in-
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instead of N, and then to add the above approximate value of
the REM.
If the desired rotational-translational equilibration
cannot be obtained, then a solution for the Ek by way of equa-
tion (2.6.6 #9) can be attempted. The attempt hinges on get-
ting the cluster rotational DOF to equilibrate with the down-
stream monomers so that equation (2.6.6 #8) applies. Failing
this, a solution for the 6k , rather than the simpler Ek , can
be attempted by way of equation (2.6.6 #7). The cluster in-
ternal energies 6k then contain the unknown rotational kinet-
ic energies of the clusters as well as the other unknown ener-
gies. Similar approximations like equation (3.1 #6) can be
made for the aforementioned attempted solutions. But it is
the solution of equation (2.6.5 #3) that is favored by the ev-
idence of Jones, as discussed in Section 2.5.8.
The difficulties in the way of obtaining a practical so-
lution for the cluster internal energies Ek appear to be con-
siderable. For one thing, the data of Dreyfuss and Wachman 57
indicate that the aforementioned parameters in the energy
equation do not change very much with changing reservoir con-
ditions. In particular, the data indicate that the relative
populations and thermal velocity distributions of the small-
est clusters (five molecules or less) are nearly independent
of reservoir conditions. Thus changing the reservoir tempera-
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ture and pressure would not produce independent equations for
the energies Ek: the equations would all be almost the same.
On the other hand, the highest reservoir pressure used by
Dreyfuss and Wachman was approximately 300 kPa, whereas
Jones 5 8 reported using higher pressures.
In Jones' data a variation in the parameters for the en-
ergy equation was observed as the reservoir conditions chan-
ged. In particular, Jones' data show a variation in cluster
temperature with reservoir conditions for the smallest clus-
ters. Jones' data also show a marked variation in the cluster
populations (not the relative populations) for cluster sizes
of three and seven molecules as the reservoir saturation ratio
changed. Thus at high reservoir pressures, which are required
anyway, changing the reservoir conditions may produce indepen-
dent energy equations. The data of Jones, and of Dreyfuss and
Wachman, mentioned above are meager as far as the method of
solution outlined here is concerned, but those data were not
obtained with this method in mind.
For another thing, as far as difficulty in obtaining a
practical solution is concerned, the RHS of the energy equa-
tion (2.6.5 #3) is essentially the difference between two
nearly equal numbers, both of which are considerably larger
than the LHS. The RHS is the difference between the reservoir
enthalpy and the sum of the main kinetic energy downstream and
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the downstream enthalpy, with all terms normalized by the
downstream number of monomers, N1.  The main kinetic energy is
all of the kinetic energy except the kinetic energy of vibra-
tional motion and molecular spinning motion inside the clus-
ters. The RHS is also equal to the difference between the
work done by the forces involved in moving the system, and the
increase in the (main) kinetic energy. The kinetic energy of
vibrational motion and molecular spinning motion inside the
clusters is unknown and may be zero.
The internal energies of the clusters as summed on the
LHS of the energy equation add up to a small number when com-
pared to either part of the difference on the RHS. Therefore
the solution for the cluster internal energies will be very
sensitive to small changes, or to small errors, in either or
both of the two numbers in the difference on the RHS. In or-
der to overcome this difficulty, the cluster populations and
velocities must be measured with adequate precision. The
question that arises, then, is what adequate precision would
be, and whether or not adequate precision would be available
with present technology. A computer study could be made so as
to examine the sensitivity of the solution to various errors
in the parameters of the energy equation. The results could
then be compared to the precision of measurement that is cur-
rently available to see if a practical solution could be ob-
tained. A brief error analysis is given in Section 3.2.4.
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3.2 Numerical Calculation of Dimer Internal Energy:
3.2.1 Dimer-Only Energy Equation:
The internal energy E2 of a dimer (a two-molecule clus-
ter) will be calculated by truncating the summations in the
energy equation (2.6.5 #3) at the k=2 term; i.e., N=2. The
REM will not be calculated because of its complexity. The
complexity would be greatly alleviated with a computing mach-
ine, however. The dimer-only energy equation thus becomes:
N2 E = 4 (1 + 2 2)kT o - 4 (k T + 2k TN )
N1 2 N1 Bo B 1 N 1 B2
- (V2 + 2 V2 ) + ml(1 + 2N2)V 2  (3.2.1 #1)
The kinetic energy terms in the second line above have been
separated for convenience. The velocity V is given by equa-
tion (2.3.4 #13) as:
V1 + 2 V2N1
V = (3.2.1 #2)
1 + 2 2
N1
3.2.2 Experimental Data and Numerical Values:
The data of Dreyfuss and Wachman 5 9 provide numerical val-
ues for the relative populations N2, the temperatures T andN 1  1
T2 , and the velocities V 1 and V2 as follows:
logl(H2) - 1.5, and so (2) = 0.0316 (3.2.2 #1)10 N1 N1
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T1 = T2 = 65 K1 2
V1 = 1.27x 10 ms 1
V2 = 1.28x 10 ms 1
(3.2.2 #2)
(3.2.2 #3)
(3.2.2 #4)
These data are for a reservoir temperature of 454 K and a res-
ervoir pressure of 101 kPa. (It was necessary to extrapolate
the relative population data between two curves because there
was no such data specifically for a reservoir temperature of
454 K for which the cluster temperatures and velocities were
given.)
The monomer mass mi is computed approximately to be:
mI = (18u)(1.66x10-27 kg/u) = (29.9) x 10-27 kg (3.2.2 #5)
3.2.3 Numerical Computation:
Substituting the numerical values from Section 3.2.2 into
equation (3.2.1 #2) for the velocity V gives:
(1.27 x 103 m s - 1 ) + 2 (0.0316)(1.28x 103 ms - )
V =
1 + 2(0.0316)
= (1.27) x 103 ms - (3.2.3 #1)
Substituting the numerical values from Section 3.2.2 into
equation (3.2.1 #1) for the internal energy E2 gives the fol-
lowing values for the four terms in the RHS:
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N4 (1 + 2 )kTo= 4 (1 + 2x0.0316)(1.38x 10- 23 J/K)(454K)
= (2.66) x10 - 2 0 J (3.2.3 #2)
4 (k N2 kB T2 ) = 4 (1.38x 10-23 J/K x 65 K +4 (kT 1  +O 3 B 23 1 2J x
-23+ 0,0316x 1.38x 10 J/Kx 65 K)
= (0.37)x 10-20J (3.2.3 #3)
2 + 2 2
ml(V 1 N+ 2 1 2
5 -27 3
= -(29.9 x 10 kg) ([1.27 x 10
3
6 is-1] 2ms ] +
+ 2 x 0.0316 [1.28x 103 ms- ] 2 )
= (4.28)x 10 - 2 0 J
1 +2 N2)V 21m + N1
(3.2.3 #4)
1 -27
= (29.9x10 kg)(1 + 2x0.0316)
3 12
x (1.27x 10 ms- )
= (1.71)x 10-20J
The brackets [ ] above in equation (3.2.3 #4) are used only as
delimiters for clarity, and do not signify average values.
Substituting the results above into equation (3.2.1 #1):
(0.0316) E2 = (2.66 - 2.94) x 10- 2 0 J = -(0.28) x 10- 2 0 J (3.2.3 #6)
Thus the LHS is seen to be an order of magnitude smaller than
either of the two numbers forming the difference on the RHS.
Solving for E2 gives:
(3.2.3 #5)
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E2 = - (8.9)x10 -20J = - 54 kJ/mol = - 0.56 eV (3.2.3 #7)
3.2.4 Error Analysis:
The effects of errors in determining the cluster tempera-
ture can be estimated as follows. The accuracy of the temper-
ature determination is60 typically 10% to 15%. The term con-
taining the cluster temperatures in the energy equation
(3.2.1 #1) can be re-written with error terms of the form
(1+ e) multiplying each of the temperatures. The e's will be
errors on a per-unit basis. Thus the second term on the RHS
of equation (3.2.1 #1) becomes:
(2nd term) = 4 (kbTl(1+el)+2 k 2 (1+e 2 ) ) (3.2.4 #1)
where el = per-unit error in determining T1.
e2 = per-unit error in determining T2.
The two errors could have opposite signs and thereby les-
sen their effect. Setting the two errors to the the same, and
setting the amount to be 15% gives:
(2nd term)=4(kB T 2 kB 2)(1 0.15) (3.2.4 #2)
-20
= (0.37) x10- 2 0 J (1± 0.15)
= (0.37) x 10-20J ± (0.06) x 10-20
Inserting the numerical values above into equation (3.2.3 #3)
then gives E2 as:
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E2 = - (8.9) x 10 - 2 0 J (1 ± 0.21) (3.2.4 #3)
Thus the 15% error in temperature determination gives a 21%
error in the energy determination.
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SUMMARY AND CONCLUSIONS
4.1 Summary:
An equation giving the internal energies of clusters of
particles in a jet has been developed, and a method of solving
the equation for numerical values has been outlined. The par-
ticles are water molecules. The numerical values are given in
terms of the internal energy of each separate size of cluster
in the jet. The internal energies of the clusters by size is
expressed in terms of the relative population of each of the
cluster sizes, the temperature of each of the cluster sizes,
the mean velocity of each of the cluster sizes, and the tem-
perature of the reservoir from which the jet issues. Each
cluster temperature is expressed in terms of the variance
about the mean of the axial velocities of clusters of a common
size. The internal energy of a cluster is the sum of the in-
ternal kinetic energy and the internal potential energy of the
molecules in the cluster. The internal kinetic energy is the
sum of the kinetic energy of vibrational motion of the CM of
each molecule WRT the CM of the cluster, and the kinetic ener-
gy of spinning motion of each molecule about its own CM. The
internal potential energy is the potential of the molecules
when they are in their bound state in the cluster, minus the
potential of the molecules when they are not bound at all.
The basis for the development of the equation for the in-
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ternal energies of the clusters was that the work done by the
forces involved in moving the system of particles from one
configuration to another is equal to the increase in the ki-
netic energy of the system of particles. This basis devolves
from Newton's Second Law of Motion. The work done by the for-
ces was resolved into the work done by external forces and the
work done by internal forces. The work done by external for-
ces was expressed as the work done by external pressure on the
system minus the work done by the internal pressure of the
system. The pressure was expressed in terms of the TMF across
a unit area in a unit time. The TMF was measured WRT the CM
of the system of clusters of all sizes, so that the pressure
was the static pressure.
The static pressure was expressed as the sum of the par-
tial pressures from each group of clusters of a common size.
The partial pressure of each group of clusters was defined, in
turn, in terms of the TMF of the group. The partial pressure
so defined was thus measured WRT the CM of the system of clus-
ters of all sizes. A cluster temperature was then defined for
each group of clusters such that the cluster temperature and
the partial pressure satisfied the gas law. However, the
cluster temperature so defined was also measured WRT the CM of
the system of clusters of all sizes; i.e., the temperature was
not measured WRT the CM of the group of clusters that the tem-
perature was to represent. So a second cluster temperature
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was defined in terms of the variance about the mean of the ve-
locities of the clusters of a common size. The second cluster
temperature is the simplest one to determine.
The second cluster temperature does not satisfy the gas
law in connection with the above partial pressure of a cluster
group. However, the relation between the second cluster tem-
perature and the group partial pressure is straight-forward,
and is given in equation (2.3.4 #1). The second cluster tem-
perature is defined in terms of axial velocities in equation
(2.6.8 #1). The aforementioned two cluster temperatures are
different if the mean velocities of the clusters of different
sizes are different; otherwise the two temperatures are the
same. The relation between the two temperatures is given in
equation (2.3.3 #10).
The work done by the internal forces was expressed as the
sum of the changes in potential experienced by the molecules
which formed clusters. The potential of the molecules when
they are bound in a cluster minus the potential of the mole-
cules when they are not bound at all is the potential differ-
ence that is termed the internal potential energy of the clus-
ter. The work done by internal forces is given in equation
(2.4 #3). The work done by external forces is given in equa-
tion (2.3.4 #14).
The kinetic energy of the system of particles was deter-
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mined by resolving the kinetic energy into the kinetic energy
of the CM of the system, plus the kinetic energy of the motion
WRT the CM. The aforementioned resolution was applied on a
step-by-step basis first to the system of clusters of all
sizes, then to each group of clusters of a common size, next
to each cluster as a system of molecules, and finally to each
molecule as a system of atoms. The motion of the constituent
atoms of a molecule WRT the CM of the molecule is the spinning
motion of the molecule: the vibrational motion of the atoms
was evaluated and considered to be negligible. The increase
in kinetic energy was expressed as the kinetic energy of the
system in its final configuration minus the kinetic energy of
the system in its initial configuration. The increase in the
kinetic energy of the system is given in equation (2.5.8 #6).
The energy equation is equation (2.6.5 #3).
The system of particles being considered is not the whole
jet. The system being considered consists of molecules which
start in a reservoir where the temperature and pressure are
known, leave the reservoir and travel in a narrow stream tube
around the axis of the jet, and enter the instruments that are
located downstream to measure the axial velocity and mass of
the clusters there. The flow of the system through the stream
tube is considered to be steady. The system of particles be-
ing considered together with the associated apparatus is
sketched in Figure 1.1, and then the system itself is sketched
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in more detail in Figure 1.2. Only the parts of the system in
the volumes at the ends of the stream tube appear in the cal-
culations of the work done and the kinetic energy increase.
The part of the system that is in the fixed control volume in
the middle portion of the stream tube is in the same state be-
fore and after the work by the forces is done, so this part of
the system does not appear in the calculations (the before and
after calculations on this part cancel).
Equilibration between the rotational DOF and the transla-
tional DOF of the clusters was assumed for the energy equation
(2.6.5 #3) mentioned above. An alternate energy equation
where the aforementioned equilibration was not assumed is giv-
en in equation (2.6.6 #7). Equation (2.6.6 #7) assumes that
the monomer rotational DOF and translational DOF are equili-
brated, and the equation includes the kinetic energy of the
cluster rotational DOF in the unknown internal energy of the
cluster. A second alternate energy equation where the clus-
ter rotational DOF are equilibrated with the monomer transla-
tional DOF is given in equation (2.6.6 #9). The benefit that
accrues from the equilibration of the cluster rotational DOF
to translational DOF represented by a temperature is that the
kinetic energy of the cluster rotational DOF is then not un-
known, and so is not a part of the unknown cluster internal
energy. The unknown cluster internal energy is thereby sim-
plified. The equilibration of the rotational DOF permits the
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rotational kinetic energy of the clusters to be represented by
a temperature which can be determined.
The assumption of equilibration between the rotational DOF
and the translational DOF of the clusters is not without justi-
fication. Experimental data have been cited which indicate
that at sufficiently high reservoir pressures the desired
equilibration is attained. It has been pointed out that the
equilibration must be checked, though, for each cluster size
for which the internal energy is to be calculated. There are
two prices to be paid for the high reservoir pressures. One
price is that a constraint is thereby placed on how low the
reservoir pressure can be. But the reservoir pressure, and
the reservoir temperature, must be varied in order to get
enough equations to solve for the cluster internal energies of
interest. So the constraint limits the number of cluster in-
ternal energies that can be found. The other price is that at
high reservoir pressures the molecules in the reservoir may
approach densities where the gas law represents molecular be-
havior very poorly. Then a more complicated relation (e.g.,
the van der Waals relation) may be needed for the reservoir
part of the energy equation.
There are (at least) two formidible difficulties that
have been described as being in the way of practical solu-
tions of the energy equation for the cluster internal ener-
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gies. The first difficulty is that the parameters in the en-
ergy equation may not vary much with varying reservoir temper-
ature and pressure. Thus it may be difficult to obtain a sys-
tem of independent equations to solve. It may be possible to
obtain only a few independent equations at best, so that the
internal energies of only a few sizes of clusters can be
found. This difficulty is aggravated by the constraint of a
lower limit on the reservoir pressure. A procedure for ob-
taining approximate solutions for a limited number of indepen-
dent equations, and therefore for a limited number of cluster
sizes, has been given in Section 3.1.
The second difficulty is that the sum of the cluster in-
ternal energies, weighted by their relative cluster popula-
tions, is given by the difference between two comparatively
large numbers that are almost the same size. The two numbers
are the reservoir enthalpy and the sum of the downstream en-
thalpy and the main kinetic energy. (The main kinetic energy
here is all of the kinetic energy except the internal kinetic
energy, if any, of the clusters.) The cluster internal ener-
gies sum up to be, then, a small effect for the case at hand.
The difference between two large numbers of almost the same
size is very sensitive to uncertainties in either one, or
both, of the numbers. Thus the solution for the cluster in-
ternal energies will be very sensitive to uncertainties in the
parameters in the energy equation. An error analysis for un-
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certainties in the cluster temperatures is given as an example
in Section 3.2.4.
Despite the difficulties in the way of a practical solu-
tion, the measurements that are required are straight-forward.
It may therefore be possible to perform the measurements with
adequate precision so as to obtain practical solutions for the
internal energies of a useful number of cluster sizes. Funda-
mentally the measurements to be performed on the clusters are
to measure the mass of a cluster and how fast it is going.
The experimental data required for the method are not to be
found at present. However, a numerical example is given in
Section 3.2 where the internal energy of a two-molecule clus-
ter (a dimer) is calculated. The result has the right sign
(negative), but it appears to be too large in magnitude.
4.2 Conclusions:
The internal energies of clusters of water molecules in a
jet can be computed, in principle, by solving a system of
equations that are linear in the unknown cluster internal en-
ergies. The solution gives the internal energy of each sepa-
rate size of cluster. The system of equations is to be gener-
ated by performing a system of experiments, one experiment for
each equation, so as to obtain the necessary parameters to in-
sert into the general energy equation for the cluster internal
energies. The different experiments are performed by changing
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the values of the temperature and pressure in the reservoir
where the jet has its origin. Since changing the reservoir
temperature and pressure may change the internal energy of the
clusters (by changing the excitation, if any, of their inter-
nal modes, if any, of vibration and molecular spin), the clus-
ter internal energies given by the solution are average values
over the number of equations solved, and thus are average val-
ues over the range of reservoir conditions used.
The cluster internal energy is simplified by the condi-
tion of equilibration between the rotational DOF and the
translational DOF of the clusters because then the kinetic en-
ergy of both DOF can be represented by the same cluster tem-
perature. The cluster temperature can be determined. The ki-
netic energy of the cluster rotational DOF is thereby not un-
known. Otherwise the kinetic energy of the cluster rotational
DOF becomes a part of the unknown cluster internal energy.
The condition of equilibration between the cluster rotational
and translational DOF can evidently be attained by maintaining
the reservoir pressure above a certain minimum level. Howev-
er, the minimum reservoir pressure may be so high that a more
complicated relation will exist between the reservoir tempera-
ture and pressure than the gas law; i.e., a relation such as
the van der Waals equation may well be required. The energy
equation would then be more complicated. Moreover, maintain-
ing the reservoir pressure above'a limit will limit the number
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of independent equations that can be generated, and thereby
limit, in turn, the number of cluster sizes for which the in-
ternal energy can be computed. Approximate solutions can be
found for a limited number of cluster internal energies when
only a limited number of independent equations can be gener-
ated.
A cluster temperature for a group of clusters of a common
size can be defined in terms of the variance about the mean of
the axial velocities of the clusters. The variance of the ax-
ial velocities is a measure of the randomness of the veloci-
ties, so that the cluster temperature thus defined becomes a
measure of the thermal kinetic energy of the clusters. A
thermal velocity for each cluster can thereby be defined as
the velocity of the cluster as measured by an observer moving
with the mean velocity of the group of clusters of the same
size. The mean velocity of a group of clusters of a common
size is the velocity of the CM of the group. The cluster tem-
perature is then given in terms of the average of the square
of the thermal velocities of the clusters. The cluster tem-
perature so defined is determined solely by the distribution
of the axial velocities of the clusters of a common size. The
cluster temperature is thus independent of the presence or ab-
sence of clusters of any other size.
Likewise, a partial pressure for a group of clusters of a
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common size can be defined. The partial pressures of the var-
ious sizes of clusters will add up to the static pressure of
the mixture of clusters of all sizes: this is the convention-
al view of the partial pressures in a gaseous mixture. The
static pressure is the pressure as measured by an observer
moving with the velocity of the CM of the mixture. Therefore
the partial pressures will be pressures as measured by an ob-
server moving with the velocity of the CM of the mixture. The
partial pressure for a group of clusters of a common size is
then not measured the same way as is the cluster temperature
defined above. The partial pressures are measured WRT the CM
of the mixture, whereas the cluster temperatures are measured
WRT the CM of their respective groups. The partial pressure
and the cluster temperature as they have been defined do not
then together satisfy the gas law. However, their relation is
straight-forward and has been determined above.
Another cluster temperature can be defined such that it
is measured WRT the CM of the mixture; this cluster tempera-
ture will satisfy the gas law in connection with the aforemen-
tioned partial pressure. However, this cluster temperature is
defined by way of the average of the squares of thermal veloc-
ities measured WRT the CM of the mixture. Therefore, in order
to determine this temperature both the velocities of the clus-
ters and the velocity of the CM of the mixture must be deter-
mined. On the other hand, for the first cluster temperature
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defined above only the velocities of the clusters need to be
determined. So the first cluster temperature is the simplest
cluster temperature.
It will be necessary, for the use of the energy equation,
to check for the attainment of equilibration between the rota-
tional and translational DOF of the clusters such that the
first cluster temperature defined above represents the kinetic
energy of both DOF. An alternate energy equation can be de-
veloped where the rotational DOF of the clusters are equili-
brated with the monomer DOF (both rotational and translation-
al), so that the monomer temperature rather than the cluster
temperature represents the cluster rotational kinetic energy.
Thus the cluster rotational kinetic energy is known in this
case too. Another alternate energy equation can be developed
for the case where there is no equilibration of the cluster
rotational DOF. In this case, the kinetic energy of the clus-
ter rotational DOF is unknown, and so it becomes a part of the
unknown cluster internal energy.
Two main difficulties stand in the way of a practical de-
termination of the cluster internal energies by the method
outlined above. One difficulty is that the parameters in the
energy equation may not change very much as the reservoir tem-
perature and pressure change, so that it may be difficult to
obtain the independent equations that are needed. The other
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difficulty is that the cluster internal energies are given in
terms of the difference between two numbers that are almost
the same size. The reason is that the cluster internal ener-
gies, as weighted by their relative populations, do not sum up
to be more than a small part of the total energy of the clus-
ter system. Thus the solution will be inherently sensitive to
uncertainties, such as measurement errors, in either of the
two numbers. One of the numbers is the reservoir enthalpy.
The other number is the sum of the downstream enthalpy and the
main kinetic energy downstream. The main kinetic energy is
all of the kinetic energy except the internal kinetic energy,
if any, of the clusters. It may be possible to overcome these
difficulties by extending the reservoir conditions to greater
ranges than have been used heretofore, and by measuring the
cluster populations and velocities with adequate precision.
The cluster internal energies can then be found by straight-
forward measurements of mass and speed.
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APPLICABILITY OF CLASSICAL MECHANICS
Classical mechanics, and the equipartition theorem where
it is applicable, can be expected to provide a good descrip-
tion of a (bound) system when the spacing between the quan-
tized energy levels, around the mean energy, is small com-
pared with the thermal energy kBT, where T is the temperature
of the system 61 . If the spacing between the energy levels is
small enough then it will not be particularly important that
the energy levels are quantized.
In both classical mechanics and quantum mechanics the ro-
tation of a system brings into play its angular momentum.
Differences between classical mechanics and quantum mechanics
for this case arise because the angular momentum becomes a
vector operator for quantum mechanics, and the three compo-
nents of the vector operator do not commute 6 2. The commuta-
tion relations for the three components contain all of the ba-
sic properties of rotations in three dimensions 63 . The prop-
erty of interest here is the quantization of the rotational
kinetic energy.
The angular momentum of a cluster of molecules is the sum
of the angular momenta of the molecules. The addition of ang-
ular momenta is an established technique 64 . However, the
point here is to see if a classical mechanical description
will suffice. To this end the rotational kinetic energy of a
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cluster will be represented by the rotational kinetic energy
of a rigid arrangement of the molecular centers-of-mass. Each
molecular CM will be regarded as located at the average posi-
tion of the actual CM as seen by an observer rotating with the
cluster as a whole, whether or not the cluster does in fact
possess rigidity. The cluster is then viewed as a rigid rota-
tor whose energy levels can be computed. If the spacing be-
tween the levels so computed is small compared with the ther-
mal energy then the description by classical mechanics of the
cluster rotational kinetic energy should suffice. Then the
equipartition theorem may (possibly) be applied.
For a rigid rotator65 the quantized energy levels are
given by:
E = J(J+1)- - (A #1)J 2 1
where E. = kinetic energy of rigid rotator.
J = quantized energy level (quantum number).
M = Planck's constant divided by 2 pi.
I = moment of inertia of rotator about the axis of
rotation.
For the rigid model of a cluster being used here, the equation
above then applies to clusters of size k, with the subscript k
being appended to the energy, quantum number, and moment of
inertia:
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(A #2)Jk(Jk + ) 2 Ik
where Ej k = kinetic energy of rigid cluster of size k.
Jk = quantized energy level of rigid cluster of
size k.
Ik  = moment of inertia of rigid cluster of size k
about axis of rotation.
The spacing between the energy of quantum level Jk and
the energy of quantum level (Jk- 1) is then:
2 2
dE = E -E =J (J +1) 2 (J- 1)J
Jk J,k (J-1),k k k+ 2 Ik kk k 2 Ik
= 
2 J -
2I k
(A #3)
where Jk = at least 1.
The ratio of the spacing dEJ,k to the thermal energy kBTk of a
cluster of size k is then:
dEJk _ 2 Jk
k T k ( 2 Ik )/kBTk kBTk
( 2/2 Ik
(A #4)
Apropos of the opening paragraph of this appendix, it is de-
sirable that the above ratio be small compared to unity. All
of the cautions made heretofore in the main text concerning
the use of the cluster temperature Tk are applicable here.
The spacing dE is to be around the mean energy of a
J,k
EJk
•J
+) •J
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cluster of size k. The mean energy of a cluster of size k is
here the thermal energy kBTk. Thus equating the energy EJ,k
in equation (A #2) to the thermal energy and solving for the
factors involving the quantum numbers gives:
kBTk
Jk(J k+1) = (A #5)
(2 /2 Ik )
The expression on the RHS above is seen to be the denominator
equation (A #4). Completing the square and solving for Jk
kBT k 1 1/2
= ( _ ) B ) (A #6)k 2 4 2 2/2 IS2 1 k $ /2 Ik
where the approximation in the last expression on the RHS
above is to be validated below. The approximation means
that the quantum number Jk is to be large compared to 1.
Substituting equation (A #5) into (A #4) and assuming
that Jk is large compared to unity gives:
dE 2 Jk 2
(A #7)kB k 2 Jk
The import of the above expression is that the rotational
modes of the cluster should be well excited (Jk should be
large) in order for classical mechanics to provide a good de-
scription of the rotational kinetic energy.
In order to calculate a value of Jk from equations (A #6)
and (A #5) it is necessary to know the moment of inertia I
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at least approximately. An approximate value for Ik can be
found as follows. Following Vincenti and Kruger66 , an approx-
imate diameter can be found for a molecule by assuming that
the molecule occupies a small cube in the liquid state of the
molecules, and then calculating the side of the cube: the
side of the cube is the molecular diameter. Thus for single
molecules the molecular diameter is approximately given by:
3 m1d (A #8)
where dl = molecular diameter of a single molecule.
qL = density of the liquid state of the molecules.
The molecular diameter is then approximately:
d = (ml/¶L)1/3 (A #9)
For water molecules this diameter is:
d = (29.9x 10- 24 g/1.0 g cm-3 )1/3 = 3.1x 10-8 cm (A# 10)
The cgs units are used above because of their convenience.
Next, the approximation is made that the volume of a
cluster of size k varies directly with the mass, so that the
diameter varies as the cube root of the mass. Thus the dia-
meter dk of a cluster of size k is given by:
dk1 1/3 1/3 /3
d = (mk/mi) = (kml/ml) = k 3 (A #11)
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Thus the cluster diameter varies approximately as the cube
root of the size k of the cluster. The further approximation
is now made that the radius of gyration varies as the cluster
diameter:
rk/rl = dk/d k 3  (A #12)
where rk = radius of gyration of a cluster of size k
about the axis of rotation.
The moment of inertia Ik is then given approximately by:
2 2 2/3 5/3 2 5/3
Ik mkr = (kml )(r2 )k2/3 = (k )(m1rl) = (k )Ii (A #13)
2
where I1 = mlrl = monomer moment of inertia about (A #14)
the axis of rotation.
Substituting the above relation for the moment of inertia
into equation (A #6) gives, together with equation (A #5):
k = (k5/6)(kBT k/( 2/2) 1/2 = (k5/6) 1 (A #15)
where J1 = (kBT k /( 2/21) 1/2 (A #16)
Substituting next for Jk into equation (A #7) gives:
dEjk 2 = (k )5/ 6 (2/J1) (A #17)
kB k 5/6(k )J1
A numerical calculation can be made, approximately, for
the quantum number J . It is clear that neither J nor the
1 k
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ratio in equation (A #17) is a particularly sensitive function
of the cluster size k. To do the calculation (an order-of-
magnitude estimate for J1) the approximation is made that the
monomer radius of gyration is roughly the same size as the
radius, which is half the value given in equation (A #9). The
moment of inertia 1 1 is then given approximately by equation
(A #14), with the help of equation (A #10), as:
-24 3.1 -8 2 -39 2I= (29.9x 10 g)( 3-x 10 cm) = (7.2)x 10 g cm (A #18)
The quantum number J1 is then given approximately by equation
(A #16) as:
( (1.38x 10 -16 erg K- )(65 K) )1/2
1 -27 2 -39 2(1.05x 10 erg s) /2 (7.2x 10 g cm )
= (116)1/2 = 11 (A #19)
Thus the ratio in equation (A #17) for k=1 is approximate-
ly 0.2, and the ratio diminishes from this value for all lar-
ger sizes (k) of the clusters. Thus the spacing between the
energy levels is approximately an order of magnitude smaller
than the thermal energy. Moreover, the approximation in equa-
tion (A #6) is validated because J1 is a number of order 10.
The applicability of a classical mechanical description of the
cluster rotational kinetic energy is thereby indicated.
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